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Abstract 
When test forms that have equal total test difficulty and number of items vary in 
difficulty and length within sub-content areas, an examinee’s estimated score may vary across 
equivalent forms, depending on how well his or her true ability in each sub-content area aligns 
with the difficulty of items and number of items within these areas. Estimating ability using 
unidimensional methods for multidimensional data has been studied for decades, focusing 
primarily on subgroups of the population based on the estimated ability for a single set of data 
(Ackerman, 1987a, 1989; Ansley & Forsyth, 1985; Kroopnick, 2010; Reckase, Ackerman, & 
Spray, 1988; Reckase, Carlson, Ackerman, & Spray, 1986; Song, 2010). This study advances the 
previous studies by investigating the effects of inconsistent item characteristics of multiple forms 
on the unidimensional ability estimates for subgroups of the population with differing true ability 
distributions. Multiple forms were simulated to have equal overall difficulty and number of 
items, but have different levels of difficulty and number of items within each sub-content area. 
Subgroups having equal ability across dimensions had similar estimated scores across forms. 
Groups having unequal ability on dimensions had scores which varied across the multiple forms. 
On balanced 2PL forms, estimated ability was most affected by the estimated item 
discrimination, and was closer to the true ability on the dimension with items having the highest 
discrimination level. On balanced 3PL forms, the theta estimate was most dependent upon the 
estimated difficulty level on each set of items, and was higher when true ability was above the 
difficulty level on at least one set of items primarily measuring that dimension. On unbalanced 
forms, the ability estimate was heavily weighted by the true ability on the dimension having 
more items. This study adds to the importance of test developers maintaining consistency within 
sub-content areas as well as for multiple test forms overall.  
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Chapter 1 
Introduction 
A goal in the construction of multiple test forms is that an examinee’s true ability will be 
estimated similarly, regardless of test form completed. Many procedures are used to increase the 
likelihood of similar outcomes across multiple forms. Issues of content balance, item difficulty, 
item discrimination, and multiple dimensions are all considered when constructing parallel test 
forms (ACT, 2007, 2011; Dunbar et al., 2008; Oklahoma State Department of Education 
[OSDE], 2011; Texas Education Agency, 2006). Many tests are designed to be an accumulative 
assessment of multiple sub-content areas. For instance the ACT mathematics test measures 
content in algebra, geometry, and trigonometry (ACT, 2007), providing the potential for a 
multidimensional dataset when administered to a group of examinees. When tests are 
multidimensional in nature, often test difficulty, discrimination, and length are matched for a test 
as a whole, but not all developers match these conditions within sub-content areas. Additionally, 
the examinee’s true ability across dimensions may vary. 
The estimation of examinees’ abilities using these potentially multidimensional datasets 
is commonly completed using a unidimensional model (Allen, Carlson, & Zelenak, 1999). 
Estimating ability using unidimensional methods for multidimensional data has been studied for 
decades, and inconsistencies in multidimensional specifications across multiple test forms have 
been found to strongly influence unidimensional estimates, especially when true ability was 
confounded with dimension (Ackerman, 1987a, 1989; Ansley & Forsyth, 1985; Kroopnick, 
2010; Reckase, Ackerman, & Spray, 1988; Reckase, Carlson, Ackerman, & Spray, 1986; Song, 
2010). 
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Statement of the Problem 
Studies have reviewed confounding effects of components in a multidimensional setting 
when item parameters and/or ability were estimated with a single score on a single set of items, 
comparing the estimated unidimensional ability and item parameters for the sample as a whole to 
some combination of the multidimensional abilities and item parameters. Trends of the 
comparisons have concluded that estimated unidimensional ability estimates were approximated 
by the mean of the true multidimensional ability in some but not all cases (Ackerman, 1989; 
Ansley & Forsyth, 1985; Way, Ansley, & Forsyth, 1988). Reckase et al. (1986, p. 13) stated that 
“when difficulty and dimensionality of the items in a test are confounded… the unidimensional 
ability estimate scale may have a different meaning at different points on the scale.” The author 
and subsequent researchers (Ackerman, 1987a, 1987b, 1989; Chang, 1992) have continued 
making such conclusions yet do not discuss the effects of confounds on specific subgroups of the 
population classified by the true ability on dimensions at different points on the ability scale. 
Additionally, the effects are not compared for these subgroups across various test forms whose 
degree of confounding differs. 
Purpose of the Study 
The purpose of this study was to investigate the effects of estimating latent ability in a 
unidimensional context for subgroups of the population which have dissimilar ability across 
dimensions, when difficulty and subscale length differ in the construction of multiple test forms. 
How is the single ability estimate affected when true abilities on the multiple dimensions do not 
align with the test’s multidimensional structure, in difficulty and length within dimensions? 
Could a group of examinees’ estimated scores vary on two test forms, when overall difficulty 
and length are matched across forms, but difficulty and length within sub-contents differs? Are 
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the effects of including the probability of a correct response due to guessing on a multiple-choice 
test consistent to the results when guessing is not considered for a group of examinees, regardless 
of their true abilities and the test characteristics within dimensions? 
Primary Research Question 
What are the effects on the estimated unidimensional ability for subgroups of the 
population which have dissimilar true abilities across dimensions when multiple test forms differ 
in difficulty and/or length within sub-content areas or when guessing is included in the model? 
Significance of the Study 
Most test developers are careful to construct multiple forms matching overall test 
difficulty and length. Some developers state that item difficulty for an entire test and for each 
sub-content area is matched across forms (Texas Education Agency, 2006). Others only report a 
consistent number of items for the total test and within sub-content areas, but do not indicate that 
difficulty overall and within multiple sub-contents is matched (ACT, 2007). Then, others only 
reference specifications for the overall test, without addressing consistency of conditions across 
forms within sub-content areas. 
The overall test length and difficulty of each ACT test, for all subjects, are clearly stated 
in the ACT Technical Report (2007). The English, Mathematics, Reading, and Science tests have 
test lengths of 75, 60, 40, and 40 items, respectively. The number of items for each sub-content 
area within each subject test is also specified. Each item should have a biserial correlation of at 
least 0.20, which is associated with the item discrimination. The targeted mean difficulty for an 
entire test is 0.58, with item difficulties ranging from 0.20 to 0.89. However, the mean 
difficulties within sub-content areas are not reported. ACT is an example where equating 
procedures are used for forms as a whole, but not across content areas.  
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Many test designs do not maintain an equal number of items within dimensions across 
forms. The Oklahoma Core Curriculum Test Blueprint (OSDE, 2011, p. 3) states, “…the actual 
numbers of items on the test may not match the blueprint exactly.” The Iowa Test of Basic Skills 
(Dunbar et al., 2008) matches overall test length across forms, but not length within sub-content 
areas or objectives within sub-content areas on tests. For example, Table 1 presents the number 
of questions within two levels of the sub-content area of Math Computation Skills for Grade 8 
across three forms of the Iowa Test of Basic Skills. 
Table 1 
Iowa Test of Basic Skills: Number of Questions in Math Computation Skills, Level 8 
 Number of Questions 
Content/Process Skills Form A Form B Form C 
Add with Whole Numbers 15 15 16 
Single digits 4 4 5 
Other sums without regrouping 6 6 6 
Other sums with regrouping 5 5 5 
Subtract with Whole Numbers 15 15 14 
Single digits 1 0 0 
Other differences without regrouping 9 10 5 
Other differences with regrouping 5 5 9 
Total 30 30 30 
Note. From The Iowa Tests Interpretive Guide for School Administrators p. 46, by Dunbar et al., 
2001. Copyright 2001, 2008 by The University of Iowa. 
 
Large differences are apparent in the number of items of the sub-content areas of 
“Subtract with Whole Numbers.” Only Form A contains an item testing subtraction with single 
digits. Form B has 10 items regarding subtraction without regrouping, while Form C has half that 
many. 
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Exams which are not matched on statistical specifications within sub-content areas could 
yield different estimated abilities due to the confounding effects of true ability distributions with 
difficulty and length within sub-content areas (Ackerman, 1989; Kroopnick, 2010; Song, 2010; 
Stocking & Eignor, 1986). This issue is crucial in the development of multiple forms of tests 
which assess knowledge across multiple dimensions in order to maintain consistent and accurate 
estimations of ability for examinees, regardless of the test form administered. 
This study brings awareness to the consequences of constructing multiple forms which do 
not match at the sub-content level on subgroups of the population with differing abilities on the 
multiple dimensions. Results of this study are intended to provide information on the potential 
need for matching difficulty level and/or length across sub-content areas in assembling multiple 
test forms. Also, this study compares the estimations of ability when the probability of a correct 
response is and is not taken into account and confounding exists by comparing two models used 
for the estimation process. 
Research Design 
In this simulation study, the mean total test difficulty and length across forms were held 
constant, while the mean difficulty of sub-content areas and sub-content length were manipulated 
across forms in order to examine the effects on unidimensional theta estimates when difficulty 
and length were confounded with multidimensional ability levels. The two- and three-parameter 
compensatory, two-dimensional logistic models defined by Reckase (1985) were used for 
simulating the response strings. Specific subgroups of the population were those who have low 
true ability levels on both dimensions, medium true ability levels on both dimensions, high true 
ability levels on both dimensions, or those who had differing true ability levels on the two 
dimensions. A total of nine subgroups were chosen. 
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Across the designed multiple forms, some had difficult items primarily measuring the 
first dimension and easier items primarily measuring the second dimension, while other forms 
have easy items primarily measuring the first dimension and difficult items primarily measuring 
the second dimension. The magnitude of difference between difficulty levels on the two 
dimensions was of varying degrees- very similar, somewhat different, and very different. The 
numbers of items within each dimension included ratios of 1:1, 5:3, and 3:1. 
A unidimensional two-parameter logistic model and a three-parameter logistic model 
were both used in the estimation of examinees’ latent abilities, as well as item parameters. 
Associations were then made across test forms within each subgroup in order to compare the 
unidimensional estimations with true values on both dimensions as the content length and 
difficulty across dimensions differed and different models were used.  
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Chapter 2 
Literature Review 
Unidimensional theta estimation procedures are commonly used to estimate a group of 
examinees’ abilities on large-scale assessments such as state and national aptitude or 
achievement tests, even when these tests include the assessment of multiple content areas with 
the potential for a multidimensional dataset (Allen et al., 1999). Research has indicated that 
under certain test form conditions, the use of unidimensional estimates for multidimensional data 
may provide appropriate "averages" of their combined abilities (Ackerman, 1989; Ansley & 
Forsyth, 1985; Way et al., 1988). However, research has also indicated that a lack of content 
balance within test forms or issues such as confounding of difficulty and discrimination within 
dimensions could impact the outcomes of unidimensional theta estimations (Ackerman, 1987a, 
1989; Ansley & Forsyth, 1985; Kroopnick, 2010; Reckase et al., 1988; Song, 2010). A 
component of these studies not reported was how the confounding effects of content balance, 
item characteristics, and examinees' multidimensional distribution of abilities impacts 
unidimensional theta estimations for specific subgroups within the population having differing 
combinations of abilities across multiple equivalent test forms. A list of definitions of key terms 
and descriptions of models used in the design of this study begins the review of literature, 
followed by a review of prior research conducted which studied the estimation of 
multidimensional data using unidimensional IRT models. 
Definition of Terms 
Latent trait. A latent trait, also called a latent variable or factor, is an underlying ability 
that is not directly observable (Crocker & Algina, 2008). True latent ability on dimension   is 
denoted   ; an estimated latent ability is denoted  ̂ . In testing, the true score is the mean of the 
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estimated scores one would observe over an infinite number of administrations of the same or 
parallel instruments. 
Dimensionality. Reckase (1990, p. 24) defines dimensionality as “the number of 
dimensions needed to summarize a data matrix that results from interactions of a set of test items 
and a group of examinees.” Dimensionality does not reside in the population of examinees alone, 
nor does it reside in the set of items alone. 
Unidimensional data. A set of data is unidimensional when the set of items measures a 
single trait or a single composite of skills, or when a single trait or a single composite of skills is 
needed to yield the correct responses to the set of items (Crocker & Algina, 2008; Drasgow & 
Parsons, 1983; Reckase et al., 1988). Crocker and Algina (2008, p. 343) state, “a set of data is 
unidimensional if the statistical dependence among items can be accounted for by a single latent 
trait.” In terms of correlation, a set of data having multiple factors which are perfectly correlated 
is truly unidimensional (Drasgow & Parsons, 1983). 
Multidimensional data. A set of data is multidimensional when the set of items measure 
more than one trait and the sample of examinees differs on the traits being measured (Reckase, 
1990). A dataset is multidimensional when more than one trait is needed to yield correct 
responses to the set of items (Reckase et al., 1986). 
 Essentially unidimensional. Stout (1987) defines a test as essentially unidimensional if, 
on average, the covariances between all pairs of responses to items with respect to a fixed ability 
are small in magnitude. When a set of data is multidimensional, yet measure the same composite 
of abilities, the assumption of unidimensionality holds (Reckase et al., 1988). If examinees are 
heterogeneous on only one dimension and homogeneous on all other dimensions, Ackerman 
(1994) concluded the multidimensional set of items may still be unidimensional. 
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 Parallel forms. Foundational unidimensional requirements of parallel test forms include 
matched content, equal true scores on the forms for each examinee, and equal error variances. 
Additionally, multiple forms of a test measuring more than one dimension are parallel if the set 
of items on each can be represented in a similar linear composition of the dimensions (Crocker & 
Algina, 2008). 
Unidimensional Item Response Theory 
Item response theory [IRT] implements a probability model to describe the interaction 
between an examinee’s ability and the item parameters in order to calculate the likelihood of the 
examinee responding correctly or incorrectly to an item (Baker, 2001). It is an iterative process 
of estimating (1) item parameters from a set of item response data and (2) examinees’ ability 
scores. A unidimensional IRT model assumes a single dominant factor accounts for the 
variability of responses on a set of items. The two-parameter logistic model [2PL], Equation 1, 
from Hambleton and Swaminathan (1985, p. 36), estimates the probability of a correct response 
to item   for an examinee with a specific ability level,  : 
   ( )  
    (    )
      (    )
, (1)  
where   ( ) is the probability of a correct response to item   from an examinee with 
ability  , 
    is the discrimination parameter of item  , 
    is the difficulty parameter of item  , 
   is the ability score of the examinee, and 
  is the scaling factor. 
For a set of item response data, a 2PL model exists for each item        . The three-
parameter logistic model [3PL], Equation 2 from Hambleton and Swaminathan (1985, p. 37), is 
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an extension of the 2PL model, taking into account the probability of a correct response due to 
guessing: 
   ( )     (    )
    (    )
      (    )
, (2)  
where    is the guessing parameter for item   and all other parameters are similar to those 
in Equation 1. 
 Item characteristic curve [ICC]. Equations 1 and 2 can be represented by an ogive 
curve, graphically modeling the probability of a correct response to item   as a function of   
(Baker, 2001). A steeper slope on the ICC indicates that the probability of a correct response is 
more discriminating for values of   which are close to each other. An item is less discriminating 
for values of   in a region where the ICC has a smaller slope and is flatter. (The estimation of the 
ICC is explained in more detail in a later section, “Unidimensional Estimation Procedures.”) 
Guessing. The guessing parameter is a lower horizontal asymptote of the ICC (Baker, 
2001). The value of    is the probability that an examinee with no ability,     , will answer 
an item correctly by mere chance. Theoretically, this parameter can take on any value between 
and including zero and one. For example, on a multiple-choice item having four choices, the 
probability of correctly guessing would be    . In the case of the 2PL model, the guessing 
parameter is equal to zero. 
Item difficulty. The point of inflection on an ICC is the point at which the theta value 
equals the difficulty level of an item. Item difficulty corresponds to the ability level whose 
probability of responding correctly to item   equals 
    
 
 (Baker, 2001). In the 2PL model, the 
difficulty level of an item is the theta where the probability of an examinee getting an item 
correct would be    . The value of    can take on any value along the theta continuum. A lower 
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value of    indicates an easier item; on the ICC, persons with a lower   have a lower probability 
of a correct response. A higher value of    indicates a harder item. Difficulty level as defined by 
classical test theory is the proportion of examinees answering that item correctly (ACT, 2007). 
Item discrimination. The discrimination parameter of an item is related to the slope at 
the point of inflection for the item characteristic curve (Baker, 2001), such that the slope of the 
logistic model at the point of inflection for item   is equal to        (    ) (Hambleton & 
Swaminathan, 1985). This parameter can take on any value. However, when the value of    is 
negative, those with a lower ability have a higher probability of getting the item correct, and 
examinees with a higher ability have a low probability of getting the item correct. An item which 
negatively discriminates is generally discarded. An item which can differentiate well between 
those of similar ability has a higher value of   , greater than or equal to    , and an item which 
does not discriminate among examinees with different ability levels would have a lower value of 
  , typically less than    . Good discrimination values range from     to  , as suggested by ACT 
(2010). 
Scaling factor. The two- and three- parameter logistic models from Equation 1 and 2 are 
more commonly used by statisticians over a normal ogive curve and are less mathematically 
complicated (Hambleton & Swaminathan, 1985). When      , the calculated probability of a 
correct response for a given ability using the normal ogive and logistic models differ by less than 
    , in absolute value. Many IRT researchers do not report the use of this scaling factor 
(Reckase et al., 1986); it is not used in this research. 
Item information. Item information is the reciprocal of the standard error squared 
(Baker, 2001). The less information items provide a given theta level, the larger the standard 
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error in estimating that theta. A small standard error implies more items are provided around a 
given theta so that ability estimates made within that range can be done so with more distinction. 
Local independence. When the response to one item is statistically independent from the 
response to another item for groups of examinees with equal ability levels, the data set is said to 
be locally independent. Such property is sufficient for meeting the assumption of being 
unidimensional (Hambleton & Swaminathan, 1985). Laws of independence allow for the 
calculation of the likelihood of a specific item response string for an examinee at a given ability 
level, Equation 3 (Hambleton & Swaminathan, 1985, p. 77): 
  (            )  ∏   
 
   
    
    , (3)  
where  (            ) is the likelihood of a response string to items   through   for 
an examinee with a given ability level,  , 
   is the response to item   (  for a correct response,   for an incorrect response),  
   is the probability of a correct response on item   from Equations 1 or 2, and 
        . 
As the number of items increases, the likelihood of a response string becomes very small 
due to the multiplication of probabilities which have values less than or equal to one. Therefore, 
the log of the likelihood function for a vector of response strings,   (        ), is often 
utilized. The log likelihood function is provided in Equation 4 (Hambleton & Swaminathan, 
1985, p. 79): 
    (   )  ∑ [       (    )    ]
 
   . (4) 
Parameter invariance. Estimations of item parameters are invariant regardless of the 
group of examinees’ ability distribution, up to some linear constant (Baker, 2001). For a given 
set of item response data, item difficulty and item discrimination parameters for each item should 
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be equivalent, up to a linear constant, for any set of examinees, regardless of the distribution of 
abilities for a set of examinees. 
Indeterminancy. The property of indeterminacy allows for the transformation of 
estimated item parameters or ability, depending on the situation (Baker, 2001). Some statistical 
programs arbitrarily set the distribution of the set of examinees to follow a standard normal 
distribution. When the set of examinees are not distributed in such a way, as is the case when two 
different groups of examinees take the same exam, item parameters must be transformed 
proportionally to reflect the parameters for the examinees’ true ability distributions. On the other 
hand, if the same group of examinees takes two different exams, the distribution of estimated 
parameters must be transformed proportionally to reflect equivalent ability distributions. 
Multidimensional Item Response Theory 
A multidimensional compensatory two-parameter logistic model [MC2PL], provided in 
Equation 5 from Reckase (1985, p. 402), expresses the probability of examinee   responding 
correctly to item  ,      , as a function of item discrimination,   , item difficulty,   ,and the 
examinees’ ability,   , across   dimensions: 
  (                 )  
 
∑    (       )
 
   
   
∑    (       )
 
   
, (5) 
where  (            ) is the probability of a correct response to item   from 
examinee  , 
    is the response to item   by examinee   (  is correct and   is incorrect), 
     is the discrimination parameter of item   on dimension  , 
     is the difficulty parameter of item   on dimension  , and 
     is the ability score of examinee   on dimension  . 
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 The authors use the variable     to indicate the response on item   for examinee  , 
whereas the unidimensional models from Hambleton and Swaminathan in Equations 1 and 2 use 
the variable    . Equation 6 (Reckase, 1985, p. 402) represents the same MC2PL model where 
the exponent is in slope-intercept form. Here, the multidimensional item difficulty parameter 
takes into account the discrimination and difficulty across   dimensions: 
  (              )  
 
  
      
   
  
      
, (6) 
where  (              ) is the probability of a correct response on item   from 
examinee  , 
    is the response to item   by examinee   (  is correct and   is incorrect), 
   is a       vector of the discrimination parameters of item   on   dimensions, 
     is a scalar multidimensional difficulty parameter of item  , such that 
     ∑    
 
      , (7) 
and 
   is a       vector of ability scores on the   dimensions. 
A multidimensional compensatory three-parameter logistic model [MC3PL], shown in 
Equation 8 (Reckase, 2009, p. 91), is an extension of the MC2PL taking into account the 
probability of a correct response by guessing alone: 
  (                 )     (    )
 
    
    
   
    
    
,  (8)  
where     is the response to item   by examinee   as compared to     in Equations 5 and 
6,    is the guessing parameter for item  , and        and    are as they were in Equation 6. 
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 Multidimensional discrimination. The multidimensional interpretation of 
discrimination refers to the maximum amount of discrimination for an item   across  
dimensions. The variable is denoted as     , and the calculation is provided in Equation 9 
from Reckase and McKinley (1991, p. 366): 
       (∑    
  
   )
 
 . (9) 
The      is the maximum slope of the item characteristic surface at the point of steepest slope 
in the direction from the origin of the multidimensional ability space (Reckase, 2009). 
Multidimensional difficulty. The multidimensional difficulty parameter has two 
components: (1) the direction and distance of a vector from the origin to   , and (2) the vector 
angle from the  th axis and this point, see Equation 10 (Reckase, 1985, p. 404): 
        
   
(∑    
  
   )
 
 
 . (10) 
 The       value, presented in Equation 11 (Reckase, 1985, p. 405), takes into account 
the item discrimination and difficulty parameters across   dimensions: 
         
  
(∑    
  
   )
 
 
 . (11) 
 The interpretation of the multidimensional item difficulty is similar to that of the unidimensional 
difficulty parameter. An easier item, having a negative    value, would have a positive    value 
and a negative       value. A more difficult item, having a positive    value, would have a 
negative    value and a positive       value. 
 Compensatory. The form of the compensatory models allows for the interaction among 
dimensions. By using an additive expression in the exponent, a high ability on one dimension 
can compensate for a low ability on other dimensions (Ackerman, 1987a; Reckase et al., 1986). 
The compensatory model is appropriate when ability on one dimension may aid in answering an 
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item correctly which is also measuring a different ability. For instance, in an item which requires 
algebra and geometry skills, knowledge in algebra may be able to compensate for a lack of 
knowledge in geometry in solving the item. Examples of the MC2PL are provided in Equations 5 
and 6; Equation 8 represents the MC3PL model. 
Noncompensatory. A noncompensatory model does not allow for an examinee’s ability 
in one dimension to compensate for the ability on other dimension(s). Sympson (1978) 
established a noncompensatory two-parameter logistic [MNC2PL] model, provided in Equation 
12, which considers each dimension independent from the others such that the probability of a 
correct response on the multidimensional test is the product of the correct responses on each 
dimension: 
   
 ( )     (    )∏ [   
       (      )]
  
 
    , (12) 
where   
 ( ) is the probability of a correct response to item   from an examinee in the 
 -dimensional  -space, 
     is the discrimination parameter of item   on dimension  , 
     is the difficulty parameter of item   on dimension  , 
   is the guessing parameter for item  , and 
    is the ability score of an examinee on dimension  . 
The noncompensatory model is equivalent to the product of  unidimensional models. 
The noncompensatory model is appropriate when ability on one dimension is not likely to aid in 
answering an item correctly which is also measuring a different ability. For instance, in a 
mathematical word problem which requires reading and algebra skills, an examinee having really 
good algebra skills is not likely to answer an item correct when the subject cannot read the word 
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problem and understand what skills to apply. Likewise, if an examinee has a high ability in 
reading and low in algebra, having the ability to read the question may not compensate for the 
subject not knowing how to apply the mathematical skills necessary. 
Simple structure. A special structure of a multidimensional data set exists when items 
can be partitioned into distinct clusters with each consisting of dimensionally homogeneous 
items (Zhang & Stout, 1999). A simple structured test is a multidimensional test which is 
composed of multiple unidimensional sub-tests (Finch, 2011). In this case, the discrimination 
parameter for only one of the multiple dimensions is non-zero for each item. 
Non-simple, mixed, or complex structure. A multidimensional test which has a non-
simple structure consists of items which are associated with more than one dimension (Finch, 
2011). The discrimination parameter for each dimension is allowed to vary and indicates the 
degree to which the item measures that dimension. In this study a semi-complex structure 
indicates the discrimination parameter on one dimension is considerably higher than the 
discrimination parameter on the second dimension. A complex structure indicates a large 
discrimination parameter on both dimensions. 
Unidimensional Estimation Procedures 
In a unidimensional- or essentially unidimensional- set of items, binary item response 
data can be used to estimate both the item parameters and the underlying ability score (Baker, 
2001). In order to estimate the item parameters, the ability level of each examinee must be 
known, yet in order to estimate the ability levels the item parameters must be known. The joint 
maximum likelihood estimation procedure can be used to estimate item parameters and ability 
simultaneously, but this method is unable to estimate an ability score for an item response string 
consisting of all zeros or all ones. A different set of procedures utilizes marginal maximum 
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likelihood estimation for the calibration of item parameters, followed by estimating ability using 
maximum likelihood or Bayesian methods. In this study, the later algorithm was applied. 
Marginal maximum likelihood estimation [MMLE]. The process of MMLE has been 
explained by various authors, including Baker (1992), Bock and Lieberman (1970), and de Ayala 
(2009). These authors use different notation and subscript notation; to remain consistent in this 
study the reported equations are taken from de Ayala (2009), and the subscript notations are as 
follows:   denotes the item,         , and   denotes the examinee,         . 
The Marginal Maximum Likelihood Estimation procedure estimates item parameters 
based on the assumption that the population of examinees’ abilities follow a specified 
distribution (Bock & Leiberman, 1970). This assumption frees the estimation of item parameters 
from depending on a fixed ability of every examinee, individually. The assumption is analogous 
to the mixed-effects ANOVA, where items are considered to be fixed and abilities are random. 
The marginal probability, or likelihood, of an item response string for an examinee and the 
distribution of examinees’ ability in the population is given in Equation 13 (de Ayala, 2009, p. 
70): 
  ( )  ∫  ( |   ) ( | )  
 
  
, (13) 
where   ( ) is the marginal probability of a response vector  , 
  ( |   ) is the probability of the response vector from an examinee having  
ability   on a set of data with item parameters  , similar to that of Equation 3, and 
  ( | ) is the population distribution of examinees’ abilities. 
The left-hand side of Equation 13 is commonly referred to as the posterior probability 
distribution of abilities in the Bayesian setting, while the right-hand side is the integration over 
the product of the likelihood function and the prior distribution of ability with respect to the 
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ability parameter (Baker, 1992). The distribution of the right-hand side of Equation 13 is the 
probability density function of an item response string for a randomly selected examinee from 
the population distribution. Integrating over the distribution with respect to   implies estimating 
the area under the curve at these points. 
Local independence of examinees allows laws of probability to be applied through the 
multiplication of the marginal probability distribution across   examinees, indexed by  . This is 
shown in Equation 14 (de Ayala, 2009, p. 72), and is referred to as the marginal likelihood 
formula, followed by the marginal log-likelihood formula in Equation 15 (de Ayala, 2009, p. 72): 
  ( )  ∏ ∫  ( |   ) ( | )  
 
  
 
    ∏  
 
   ( ), (14) 
    ( )  ∑    ( )    . (15) 
Locating the maximum of the marginal log-likelihood function is done by locating the 
item parameter where the slope of the tangent line of     is zero. This is equivalent to setting the 
partial derivative of     with respect to the item parameter equal to zero. Equation 17 is the 
general MMLE equation for an item parameter    (de Ayala, 2009, p. 72): 
 
 
   
     ∑ ∫{[      (  )]    (         )}     
 
   , (16) 
where     is the response to item   by examinee   (  is correct and   is incorrect), 
   (  ) is the probability of a correct response on item   from examinee  , and 
   (         ) is given by 
   (  |      )  
 (  |   ) (  | )
 (  )
. (17) 
 Though MMLE is not considered a Bayesian estimation procedure, the algorithm does 
incorporate Bayes’ theorem, shown in Equation 17, in the maximization process. The MMLE 
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equations for the discrimination, difficulty, and guessing parameters of the 3PL IRT models are 
provided in Equations 18, 19, and 20 (Baker, 1992, pp. 177-178): 
 
 
   
(    )  (    )∑ ∫[      (  )]     (     )[ (      
 
      )    , (18) 
 
 
   
(    )     (    )∑ ∫[      (  )]   [ (      
 
      )    , (19)  
 and 
 
 
   
(    )  (    )
  ∑ ∫ [
      (  )
  (  )
]   (      
 
      )    , (20) 
where     
  
 (  )  
 (  )
  (  )  (  )
. 
Baker (1992) uses the notation of  (         ) for the probability of a correct response from the 
    examinee given a response vector   , a vector of item parameters    and population 
distribution  , whereas de Ayala (2009) uses   (  |      ) for the probability of a correct 
response to the     item from the     examinee given a response vector   , a vector of item 
parameters    and population distribution  . The variable    is a ratio of the 2PL and 3PL IRT 
models such that   
 (  ) is the value based on the 2PL model from Equation 1,   
 (  )    
  
 (  ),   (  ) is the value based on the 3PL model from Equation 2, and   (  )      (  ) 
(Baker, 1992, pp. 48-50). The item parameter estimations of the 2PL model are calculated using 
Equations 18, 19, and 20 with     , and      (  )  (  ) from the 2PL model (Baker, 
1992). 
Quadrature form. The approximation of the area under the curve of the marginal 
likelihood equation is mathematically intensive; hence, the Gaussian quadrature approximation 
technique is employed. If  ( | ) is a continuous distribution, then the area under the curve can 
be approximated from a discrete distribution of a series of   rectangles (de Ayala, 2009). The 
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midpoint of each rectangle is at a quadrature point,   , and the weight of each quadrature point 
corresponds to the height of the function  ( | ) at each point,  (  ). A weighted sum of the 
area of each rectangle, shown in Equation 21 (de Ayala, 2009, p. 72), provides an approximation 
to the area of the distribution corresponding to the marginal probability of Equation 13: 
  ( )
 
 ∑  (      ) (  )
 
   , (21) 
where   ( )
 
 is the marginal probability of a response vector   in quadrature form and 
other notation is similar to that of Equation 13. The quadrature form for the likelihood equation 
of a response string of   items from Equation 14 follows in Equation 22 (de Ayala, 2009, p. 73): 
  (  )  ∏   (  )
   (    )(  )
      
   . (22) 
Still the intension is to maximize the likelihood, or log-likelihood, equation by locating 
the value of the item parameter at which the slope of the tangent line, or partial derivative with 
respect to that parameter, equals zero. The resulting MMLE equation of a general item 
parameter,   , from Equation 16, is shown in Equation 23 (de Ayala, 2009, p. 73): 
 
 
   
     ∑ ∑ [      (  )][ (  |      )]  
 
   
 
     , (23) 
where     is the response to item   by examinee   (  is correct and   is incorrect), 
   (  ) is the probability of a correct response on item   at the quadrature point 
  , and 
 (  |      ) is from Equation 17 and in quadrature form is given by 
  (  |      )  
 (  ) (  )
∑  (  ) (  )
 
   
. (24) 
Through distribution of first the multiplication and then the summation in Equation 23, 
the following Equation 25 (de Ayala, 2009, p. 73) is the result: 
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   ]}
 
       . (25) 
Let the variable  ̅   be the expected number of examinees at each quadrature point    for 
item  , shown in Equation 26 (de Ayala, 2009, p. 73): 
  ̅   ∑  (  |      )  ∑
 (  ) (  )
∑  (  ) (  )
 
   
 
   
 
   . (26) 
Let the variable   ̅  equal the sum of binary responses to item   for an “examinee” at the 
quadrature point   . This value, given in Equation 27 (de Ayala, 2009, p. 73), is the expected 
number of correct responses to item   at the quadrature point     
   ̅  ∑      (  |      )  ∑
    (  ) (  )
∑  (  ) (  )
 
   
 
   
 
   . (27) 
Substituting these two variables from Equations 26 and 27 into the quadrature form of the 
MMLE in Equation 25 produces the following Equation 28 (de Ayala, 2009, p. 74): 
 
 
   
     ∑ [  ̅    ̅    (  )]
 
     . (28) 
 The quadrature form for the MMLE equations for the item discrimination, item difficulty, 
and guessing parameters are written as follows in Equations 29, 30, and 31, respectively (Baker, 
1992, p. 182): 
     (    )∑ (     )[ ̅      ̅    (  )]   
 
     , (29) 
    (   )(    )∑ [ ̅      ̅    (  )]
 
        , (30) 
 and 
     (    )
  ∑
 ̅     ̅     (  )
  (  )
 
     . (31) 
 The notation used by Baker (1992) is slightly different than that of de Ayala (2009). First, 
Baker (1992) uses the subscript   to indicate one of   quadrature points, whereas de Ayala 
(2009) uses the subscript  , where         . The expected number of examinees for item   at 
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each quadrature point   , is denoted as  ̅   from de Ayala (2009) in Equation 26, and as   ̅  by 
Baker (1992) for the expected number of examinees to item   at quadrature point   . The 
variable representing the expected number of correct responses to item   at quadrature point    
from Baker (1992) is  ̅  , rather than   ̅  by de Ayala (2009) from Equation 27. 
Newton-Gauss and expectation maximization [EM] algorithms. The approximation of 
the item parameters which maximize the MMLE is done so by implementing the EM algorithm 
with Newton-Gauss steps. Referring to the quadrature form of the MMLE for item parameters in 
Equation 28, the EM algorithm calculates   ̅  and  ̅   in the “expectation” step, and then a 
“maximization” step using Newton’s method iteratively approximates the maximum. The 
iterations are a series of estimations, each more refined than the previous (de Ayala, 2009). In 
estimating a general parameter for item  ,   , let  ̂ 
  be the first Newton approximation. The 
improvement on the initial estimate is made through Equation 32: 
  ̂ 
   ̂ 
  
 
   
   (    
 )
  
   
    (    
 )
.  (32) 
Over multiple iterations, the     iteration for estimating the item parameter for item   can be 
expressed in the form shown in Equation 33 (de Ayala, 2009, p. 356): 
  ̂ 
     ̂ 
  
 
   
   (    
 )
  
   
    (    
 )
.  (33) 
When the slope of the tangent line of the marginal log-likelihood equation equals zero, the 
location of the maximum has been found. Mathematically, this occurs when 
 
   
   (    
 )   . 
In practice, equality is not reached; rather, the process continues until     ̂ 
     ̂ 
  meets a 
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pre-determined convergence criterion. Upon convergence, the resulting  ̂ 
  is the estimation of 
the item parameter for item  . The process is repeated for each item,         . 
Maximum likelihood estimation [MLE]. This is one of several methods which could be 
used to estimate the ability parameter; this is not the procedure used in this study, so it is only 
described briefly. The MLE algorithm is similar to the previously described MMLE, but does not 
marginalize over some prior distribution. The item parameters estimated using MMLE are now 
assumed to be fixed. The goal is to locate the   which maximizes the log-likelihood function 
from Equation 4, given the values of the item parameters from the previous estimations. The 
location of the maximum is found through a series of Newton approximations. Equation 34 (de 
Ayala, 2009, p. 352) is used to update the estimations of theta: 
  ̂ 
     ̂ 
  
 
  
   (    
 )
  
   
   (    
 )
.  (34) 
When 
 
  
   ( |  
 )   , the location of the maximum has been located. In practice, equality is 
not reached; rather, the process continues until     ̂ 
     ̂ 
  meets a pre-determined 
convergence criterion. Upon convergence, the resulting  ̂ 
  is the examinee’s estimated ability. 
The process is repeated for each examinee,         . Often the MLE procedure is not used to 
estimate an examinee’s ability because it is incapable of producing a finite estimate of ability for 
one who responds correctly to all items or who responds incorrectly to all items (Baker, 1992; de 
Ayala, 2009). 
Expected a posteriori [EAP]. The EAP estimator is a Bayesian strategy, which uses 
additional information from the population distribution of abilities to estimate individual 
examinees’ scores (de Ayala, 2009). This prior knowledge is incorporated into the likelihood 
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function of observed data in order to produce the posterior distribution of abilities. Then, an 
examinee’s score is estimated from the mean of the posterior distribution. 
Maximum a posteriori [MAP]. The maximum a posterior estimator is a Bayesian 
strategy similar to the expected a posterior, but an examinee’s score is estimated from the mode 
of the posterior distribution, rather than the mean (de Ayala, 2009). 
Review of Estimation Procedures 
 The MMLE method for estimating item parameters, followed by the MLE or a Bayesian 
method for estimating ability discussed above in the description of unidimensional estimation 
procedures is one of several estimation algorithms for IRT. The joint maximum likelihood 
estimation [JMLE] method attempts to estimate item and ability parameters simultaneously. A 
consequence of JMLE is that as the number of items (or the number of examinees) increases 
infinitely, the estimations of the ability parameter (or the item parameters) may not converge on 
their true values (Hambleton & Swaminathan, 1985). This procedure is also unable to estimate 
the latent ability for an examinee whose item response string consists of all zeros or all ones. 
 Ackerman (1987a, 1989) compared estimations of MMLE and JMLE from BILOG and 
LOGIST, respectively. Comparisons were made among scatterplots in the two-dimensional theta 
space where the average of true abilities on each dimension ( ̅   ̅ ) within each quantile of 
unidimensional theta estimates were plotted. Plots from the estimations using JMLE were linear, 
while plots from the MMLE were curvilinear, indicating that MMLE was more sensitive to the 
confounding of difficulty and dimensionality when estimating unidimensional thetas from a two-
dimensional dataset where items measured a composite of the two dimensions. The results were 
inconsistent with the curvilinear pattern of plotted centroids reported by Reckase et al. (1986) 
using the JMLE method, where items measured only one dimension. 
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Reverting back to estimating item parameters followed by ability estimations, different 
uses of the likelihood equation arise. The conditional maximum likelihood estimation [CMLE] 
procedure incorporates sufficient statistics on the ability parameters in the prediction of item 
parameters by using the number correct for each examinee rather than latent ability. This only 
holds in the one-parameter IRT model when the sufficient statistic is based only on item 
difficulty. In the case of the 2PL model, the sufficient statistic is additionally dependent upon 
item discrimination which is unknown. Furthermore, studies have found the CMLE to be 
ineffective when the number of items is greater than 80 (Hambleton & Swaminathan, 1985). 
 The marginal maximum likelihood estimation [MMLE] incorporates prior information on 
ability through the use of the population distribution. Unlike the CMLE, the MMLE can be 
extended to the 2PL and 3PL models and can handle a large number of items. The accuracy of 
the estimations is dependent on the chosen prior distribution, but Stone (1992) concluded that the 
effects of the chosen prior distribution of ability do not significantly affect estimations for larger 
sample sizes and longer instruments. For a sample of 500 or more for the 2PL model (de Ayala, 
2009; Stone, 1992) and at least 1000 for the 3PL model (de Ayala, 2009) and a test with 20 or 
more items, estimations were precise (de Ayala, 2009; Stone, 1992). 
 The three procedures for estimating ability discussed in the description of models and 
methods when item parameters are fixed each have advantages and disadvantages. The 
maximum likelihood cannot be used to estimate the ability when all responses are incorrect or 
when all responses are correct (de Ayala, 2009). Both EAP and MAP can be used for estimations 
of an item response string consisting of all zeros or all ones; therefore Bayesian methods are 
more advantageous than traditional MLE in these cases. MAP is an iterative process like MLE, 
while EAP is non-iterative and uses quadrature points similar to those used in MMLE. Those 
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comparing the precision of estimations of EAP and MAP concluded that EAP estimations of 
ability suffered less from regression towards the mean than MAP, and they tended to be less 
biased and had smaller mean square errors over the population than those from MAP (de Ayala, 
2009; DeMars, 2001; Wainer & Thissen, 1987). Regardless of sample size and accuracy of the 
chosen prior distribution, the EAP method became more accurate when using 20 quadrature 
points, as compared to 10 (de Ayala, 2009). 
 Due to its ability to handle the 2- and 3PL models and its stability with large sample size 
and instrument length, the MMLE method with at least 20 quadrature points is used in this study 
for estimating item parameters. This is to be followed by the EAP Bayesian method for 
estimating examinees’ ability due to its accuracy and ability to handle examinees at extreme ends 
of the scale. 
Unidimensional Estimations of Multidimensional Data 
When multidimensional data are estimated with a unidimensional model, unintended 
consequences can arise. The effects of estimating multidimensional data with a unidimensional 
model have been studied with varied characteristics (Ackerman, 1987a, 1987b, 1989; Ansley & 
Forsyth, 1985; Chang, 1992; Kroopnick, 2010; Reckase et al., 1986; Reckase et al., 1988; Song, 
2010; Way et al., 1988). Most consider a two-dimensional case with manipulated ability, 
discrimination, difficulty, guessing and/or test length across dimensions and correlations between 
dimensions. 
Examples of applying unidimensional models to multidimensional data. Reckase et 
al. (1988) demonstrated how combinations of items measuring more than one latent trait can be 
selected so that the data were unidimensional: 
Sets of items can be selected that meet the unidimensionality assumption of most item 
response theory models even though they require more than one ability for a correct 
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response. Sets of items that measure the same composite of abilities as defined by 
multidimensional item response theory are shown to meet the unidimensionality 
assumption. (Reckase et al., 1988, p. 193) 
 
This conclusion was made in a study using a compensatory 2PL model in estimating 
unidimensional thetas for a two-dimensional dataset. Authors simulated the interaction between 
two-dimensions of ability having a bivariate normal distribution and an 80 item test where 20 
items measured only the first dimension (    ), 20 items measured on the second dimension 
(    ), 20 items measured both dimensions equally (      and       with respect to the 
   axis), and 20 items which varied in discrimination and difficulty on the two dimensions 
(         with respect to the    axis). The   -statistic (Yen, 1985) was used to measure the 
degree of violation of the multidimensional data from a unidimensional structure. 
Unidimensionality held in the first three sets of 20 items when items measured only one 
dimension or equally measured both dimensions. The third case demonstrated that the 
assumption of unidimensionality was met on a two-dimensional set of items when items equally 
discriminated on the two dimensions. In the fourth case when discrimination and difficulty was 
confounded to varied degrees within dimension, the assumption of unidimensionality was 
violated. 
 Reckase (1990) presented two situations when multidimensional data fit the assumption 
of unidimensionality: (1) when all items measured a composite of skills in the same way and (2) 
when difficulty and dimensions were highly confounded. Ackerman (1994) concluded that when 
a unidimensional model was used to estimate a multidimensional dataset, this estimate was a 
linear combination of ability estimations of the compensatory MIRT model. 
One set of items having a semi-complex structure on one dimension. Ansley and 
Forsyth (1985) studied a noncompensatory multidimensional 3PL model in a simulation study 
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intended to represent realistic standardized achievement test data. Authors held discrimination, 
difficulty, and guessing across two dimensions constant and varied the degree of correlation 
between dimensions (                 to    ) for two different sample sizes (      and      ) 
and two test lengths (   and    items). The chosen discriminations for each of the two 
dimensions were uniformly distributed between     and    ; the values were rescaled with the 
following means and standard deviations:    (         ) and    (         ). The authors 
chose one set of discrimination values to be substantially larger than the other for the entire set of 
items to replicate what was thought to represent most standard test structures which tended to 
measure one basic dimension. This also allowed the data to be considered essentially 
unidimensional. A similar rationale was used in the choices of difficulty. The levels of difficulty 
on each dimension were taken from a uniform distribution between      and    ; the values 
were rescaled with the following means and standard deviations:    (          ) and 
   (          ). The guessing parameter was fixed to    . True abilities on the two 
dimensions were normally distributed with a mean of zero and standard deviation of one. 
Estimations of ability and item parameters were made using the JMLE method. 
Comparisons were made between true multidimensional parameters on each dimension 
and the average of true parameters with the unidimensional estimated parameter. Results of 
Ansley and Forsyth (1985) indicated that the unidimensional estimates of ability, discrimination, 
and difficulty were consistently more correlated with the true parameter on the first dimension as 
compared to the true value on the second dimension. Unidimensional ability was correlated most 
strongly with the average of the two true abilities; estimated unidimensional discrimination was 
approximately the average of the true discrimination parameters; and the estimated 
unidimensional difficulty was an overestimate of the difficulty on the first dimension. The 
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relationships between true and estimated parameters strengthened as the correlation between 
dimensions strengthened. Estimates were not affected by sample size nor test length; the 
following conclusions were for         and a test length of   . 
When the correlation between dimensions was the weakest (          ), Ansley and 
Forsyth (1985) reported that estimated unidimensional ability was closely related to the ability 
on the first dimension, which was more highly discriminating and more difficult, and to the 
average of the true abilities on both dimensions; these are shown in Table 2 below. At the 
strongest level of correlation (          ), the unidimensional estimated ability was strongly 
related to the true ability on both dimensions and to the average of the true abilities (  ̂    
      ̂          ̂         ). 
The estimated unidimensional discrimination parameter was moderately correlated with 
the true discrimination parameter on the first dimension and with the average of the true 
parameters but had very little correlation with the true discrimination level on the second 
dimension. These correlations increased as the correlation between dimensions increased. The 
correlation between estimated item difficulty and the true difficulty on either dimension was 
strong, and more so with the first dimension. 
Way, Ansley, and Forsyth (1988) extended the previous noncompensatory study of 
Ansley and Forsyth (1985) to compare compensatory and noncompensatory unidimensional 
estimations from a 3PL model at the same five levels of correlation. The noncompensatory data 
had the same discrimination, difficulty, and guessing parameters as those of Ansley and Forsyth 
(1985). In order for the correlations between item parameters and standard deviations of the 
specified parameters to be identical for the compensatory and noncompensatory data, constant 
values were added to the discrimination and difficulty parameters of the generated 
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noncompensatory item parameters. The resulting    parameter for the compensatory data had a 
mean of      (       ) and the same    parameters of that of the noncompensatory data; the 
difficulty parameters on the first and second dimensions had mean values of      and      , 
respectively, with standard deviations      on both. This also allowed for the same examinee 
data to be used in the noncompensatory and compensatory situations. The data were simulated 
for       examinees and    items. 
The results of Way et al. (1988) were similar to those of Ansley and Forsyth (1985) for 
the noncompensatory model, but not for the compensatory model, shown in Table 2. When data 
were generated using a multidimensional 3PL compensatory model holding all parameters 
constant except for correlation, the estimated unidimensional discrimination parameter was 
comparable to the sum of the two discrimination parameters on the two dimensions; when the 
noncompensatory model was applied, the estimated discrimination was more closely related to 
the average of the two discrimination parameters. When the correlation was    , the magnitudes 
of the correlations between true and estimated parameters for the compensatory model were 
higher than those from the noncompensatory models. In both cases, the estimated discrimination 
was slightly more correlated with     than with    and very weakly correlated with   . In the 
noncompensatory situation, the correlations between true and estimated discrimination values 
increased as correlation between dimensions increased; in the compensatory situation, the 
correlation between true discrimination on the first dimension and estimated discrimination 
decreased as the correlation between dimensions increased, but the correlations between true 
discrimination on the second dimension or average of true discriminations with the estimated 
discrimination remained constant as the correlation between dimensions increased. 
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Table 2 
Correlations Between True Multidimensional and Estimated Unidimensional Parameters for 
the Ansley and Forsyth (1985) and Way et al. (1988) Studies 
 Model
c   ̂      ̂      ̂        ̂      ̂      ̂       ̂      ̂      ̂      
1985
a
 NC .47 .02 .50 .88 .73 .97 .78 .32 .78 
1988
b NC .47 .02 .50 .88 .73 .97 .78 .32 .78 
 C .83 -.04 .85 .93 .66 .96 .79 .39 .86 
a 
Ansley and Forsyth (1985) for         and a test length of    when           . 
b
 Way et 
al. (1988) for         and a test length of    when           . 
c
 NC: Noncompensatory; C: 
Compensatory. 
 
The estimated unidimensional difficulty was closely related to the difficulty on the first 
dimension and more closely related to the average of the true difficulty on each dimension for 
the compensatory and noncompensatory models. The correlations of true and estimated difficulty 
parameters increased as correlation between dimensions increased for the noncompensatory 
model, but the magnitude of the relationship remained consistent as the correlation between 
dimensions increased for the compensatory model. 
The estimated unidimensional ability was equally related to the true ability on the first 
dimension and with the average of true abilities when the dimensions were uncorrelated for the 
noncompensatory case; these were more correlated with the average of the true abilities in the 
compensatory case. When the correlation between dimensions was somewhat correlated 
(          ), the estimated unidimensional ability was more strongly correlated with the 
average of the true abilities than it was with true ability on either dimension in both the 
compensatory and noncompensatory models. Yet, when the correlation was strongest (       
   ), the estimated ability was again equally correlated with the true ability on the first 
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dimension and with the average of true abilities for both the noncompensatory and compensatory 
cases and slightly less correlated with the true ability on the second dimension. 
One set of items having a balanced simple structure. Reckase et al. (1986) set up a 
cross design for a compensatory 2PL two-dimensional data set where 10 easy items measured the 
first dimension (           and   ranged from      to     ) and 10 hard items measured 
the second dimension (           and   ranged from      to    ). The dimensions were 
uncorrelated. The true abilities followed a bivariate normal distribution. Estimations of ability 
and item parameters were made using the JMLE method. 
Theoretical standard errors for the multidimensional test specifications at selected points 
along the two-dimensional ability scale were calculated using the multidimensional, 
compensatory, 2PL IRT model. The subgroups having lower ability on the first dimension and 
higher ability on the second dimension, which was in alignment with the difficulty levels of each 
dimension for the set of items, were expected to have the smallest standard errors. The subgroups 
having a high ability on the first dimension and low ability on the second dimension, which was 
opposite of the difficulty levels of each dimension for the set of items, were expected to have the 
largest standard errors. Theoretical standard errors were large on items measuring the dimension 
where ability did not align with item difficulty and small on items measuring the dimension 
where ability did align with difficulty. 
Unidimensional theta estimates were computed and rank-ordered; then, estimates were 
separated into deciles. The average estimated theta within each decile group was plotted in the 
      space. It was hypothesized that points would fall along a   
  line, but this was not the 
case; rather, a curvilinear pattern was displayed. Unidimensional theta estimates were highly 
dependent upon the true ability for which items highly discriminated on the dimension where the 
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difficulty of items was in the same range as the true ability. Points in the lower five decile groups 
had         and varied on   , while points in the upper five decile groups had        and 
varied on   . Unidimensional theta estimates appeared to have a similar trend for the upper and 
lower decile groups, but showed variability on the middle decile groups. The sharp elbow 
displayed in the plot of Reckase et al. (1986) could have been a result of the simple structure of 
the items, where the first set of 10 items discriminated only on the first dimension and the second 
set of 10 items discriminated only on the second dimension. The results indicated that “when 
difficulty and dimensionality of the items in a test are confounded… the unidimensional ability 
estimate scale may have a different meaning at different points on the scale” (Reckase et al., 
1986, p. 13). 
In a second analysis, the means of the unidimensional estimates of 15 subgroups with 
differing combinations of true ability on    and    were studied (Reckase et al., 1986). The 
subgroup with true ability (        ) had the lowest unidimensional theta estimate ( ̂  
      ); examinees in this group had at least a 50% probability of getting the first two items 
measuring dimension one and the first two items measuring dimension two correct. The 
subgroup with true ability (        ) had the highest unidimensional theta estimate ( ̂  
     ); examinees in this group had at least a 50% probability of getting all but the last two 
items measuring the first dimension and the last two items measuring the second dimension 
correct. The subgroups having equal true ability across dimensions, (         ) and 
(         ), had an estimated ability close to the true abilities of      and     , respectively. 
The subgroups having equal true ability across dimensions only in absolute value had an average 
unidimensional theta estimate close to the average of the two true abilities of to zero. 
One set of items having a semi-complex to complex structure. Ackerman (1987a) 
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investigated differences in compensatory and noncompensatory 2PL models. Two-dimensional 
data were simulated such that each item measured both dimensions in differing degrees. A 
systematic shift in discrimination and difficulty was applied from the first to the last item. The 
first item primarily measured the first dimension (       and        for the compensatory 
data) and had more difficult items (      ); the subsequent items decreased in discrimination 
on the first dimension, increased in discrimination on the second dimension, and became easier 
until item 40 primarily measured the second dimension, with the easiest item having the 
parameters       ,         and       . The noncompensatory discrimination values 
displayed a similar systematic shift with the first item having values        and         and 
the last item having values        and       . This presented a dataset which was balanced 
in terms of items primarily favoring each dimension, however difficulty of items was unbalanced 
across the two dimensions. The correlation between dimensions was manipulated at four 
different levels:            , and    . Estimations were made using JMLE and also MMLE with 
EAP. 
The test information vectors for the multidimensional compensatory item specifications 
at selected points along the two-dimensional ability scale were provided (Ackerman, 1987a). For 
those groups of examinees having higher ability on dimension one and lower ability on 
dimension two, the theoretical test information was largest and standard errors were smallest. 
Information decreased as ability on the first dimension decreased and ability on the second 
dimension increased. The least amount of information and the highest standard errors were for 
those groups having highest ability on both dimensions or lowest ability on both dimensions, 
where ability and difficulty aligned on only one dimension. The conclusion was congruent to that 
of Reckase et al. (1986) that smaller multidimensional test information was present for those 
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groups whose ability did not align with the discrimination and difficulty on each dimension, and 
multidimensional information was largest for groups whose ability did align with the 
discrimination and difficulty on each dimension. 
Unidimensional ability estimates were rank ordered and divided into 20 quantiles. The 
 ̅   ̅  centroids of true ability on each dimension for each quantile were plotted on a scatterplot 
and compared (Ackerman, 1987a). The plots of centroids were somewhat similar for the 
compensatory and noncompensatory data, but varied for the different estimation procedures. 
When the JMLE method was applied, the plot of the  ̅   ̅  centroids similar at all levels of 
correlation. The plots tended to be linear along the     line when ability levels were above zero 
on both dimensions. More variability existed in the lower quantile groups. Plots from the MMLE 
with EAP procedure were curvilinear at extreme ends of the ability distributions, leading the 
author to conclude that this procedure was more sensitive than the JMLE method to the 
confounding of difficulty and dimensionality. 
When the correlation was     those in the highest quantile group had higher ability on 
the first dimension (above    ) and a moderate ability on the second dimension (around    ); the 
lowest quantile group had a low ability on the second dimension (below     ) and a moderately 
low ability on the first dimension (around     ). This pattern was consistent with those of 
Reckase et al. (1986) where unidimensional ability estimates were more impacted by the true 
ability on the dimension which had a higher discrimination and where the ability level 
corresponded to the difficulty of the items (higher ability on the dimension which had more 
difficult items and lower ability on the dimension that had easier items). The extreme elbow from 
Reckase et al. (1986) was not as evident in the plots by Ackerman (1987a), potentially due to the 
differences in the designs where the items discriminated on both dimensions to some extent 
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rather than only one dimension. Also observed was that the centroids of the deciles had similar 
bounds to those of the difficulty parameter. The plots became more linear as the correlation 
increased, corresponding to the expectation of data becoming more unidimensional as the 
correlation between dimensions increased. 
The unidimensional theta estimate was equally correlated with the true ability on either 
dimension in the case of           , and only slightly more correlated with the true ability on 
the first dimension in the case of           . Similar to the results of Ansley and Forsyth 
(1985) and of Way et al. (1988), the unidimensional theta estimate had a stronger correlation 
with the dimension that was more difficult and that had a higher discrimination. The magnitude 
and direction of the relationships between true and estimated parameters for Ackerman (1987a) 
are reported in Table 3. 
The correlations between true and estimated item parameters were not consistent for the 
compensatory and noncompensatory models (Ackerman, 1987a). When the compensatory model 
was used, the correlation between the estimated unidimensional item discrimination parameter 
and the true discrimination level on either dimension was equal in absolute value, regardless of 
the correlation between dimensions. When the noncompensatory model was used, the estimated 
unidimensional discrimination parameter had a stronger relationship with the true value on the 
first dimension over the second dimension. This could have been due to the vertical shift in the 
values of the discrimination parameters in the noncompensatory model. When the compensatory 
model was used, the correlation between true and estimated difficulty was an almost perfect 
negative correlation for all levels of correlation. When the noncompensatory model was used, the 
unidimensional difficulty level was almost perfectly correlated with the true difficulty on the first 
dimension and moderately correlated with true difficulty on the second dimensions. This 
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indicated that the first dimension tended to be more dominant in the noncompensatory data, 
which also could have been attributed to the vertical shift in the discrimination parameters for the 
noncompensatory dataset. 
In an expansion of the 1987a study, Ackerman (1989) again compared compensatory and 
noncompensatory estimations. Plots of the  ̅   ̅  centroids within the quantiles of 
unidimensional thetas displayed similar patterns as those in the Ackerman (1987a) study. 
Additionally, the relationships between true and estimated parameters, reported in Table 3, for 
difficulty and discrimination were also similar between the two Ackerman studies (1987a, 1989). 
The correlation between the unidimensional estimated theta and the average of the true abilities 
was reported as very strong for both studies. A stronger relationship was displayed when a 
compensatory model was used rather than a noncompensatory model, and the correlation 
between the estimated and average abilities increased as the correlation between dimensions 
increased. 
Table 3 
Correlations Between True Multidimensional and Estimated Unidimensional Parameters for 
the Ackerman (1989) Study
a 
Model
b   ̂      ̂      ̂      ̂      ̂    ̂      ̂      ̂      
NC .28 -.21 .99 .42  .67 .59 .90 
C .26 -.26   -.99 .68 .64 .94 
a
 For            and the MMLE procedure. 
b 
NC: Noncompensatory; C: Compensatory. 
The amount of theoretical test information based on the multidimensional item 
parameters provided along the two-dimensional ability scale was similar between the 1987a and 
1989 studies by Ackerman. Very little information was provided when true ability on the two 
  
39 
 
dimensions were equal at extreme ends of the distribution. More information was provided when 
ability on the two dimensions were equal only in absolute value and when ability on each 
dimension most closely corresponded to the item difficulty of the two dimensions. When ability 
on the first dimension was less than zero and ability on the second dimension was more than zero 
somewhat moderate information was provided. When ability on the first dimension was more 
than zero and ability on the second dimension was less than zero, the amount of information 
accounted for was highest. 
Two sets of items with differing numbers of items overall and within sub-content 
areas. Ackerman (1987b) applied a unidimensional, 2PL IRT model to a two-dimensional 
computer adaptive test, considering how an item’s multidimensional characteristics aligned with 
the unidimensional composite of multidimensional ability. Though the focus of the study was to 
compare item selection processes in a computer adaptive setting, implications of the confounding 
effects among discrimination, difficulty, and number of items across dimensions with 
multidimensional ability were investigated. The multidimensional item discrimination values, 
     , for the item pool of 100 items were taken from a beta distribution with parameters 
             . The multidimensional difficulty parameters were taken from a uniform 
distribution between    and   . This structure allowed for very similar multidimensional test 
information at all combinations of multidimensional ability. 
The study involved two test formats: (1) computer adaptive with a stopping criterion 
based on item information and (2) computer adaptive with no stopping criterion until all items 
had been used. Estimations of ability and item parameters were made using the JMLE method. 
The unidimensional ability estimates were rank ordered and divided into 20 quantiles. Within 
each quantile, the true abilities on each dimension were averaged and plotted. A least-squares 
  
40 
 
regression line was modeled between the ( ̅   ̅ ) for each quantile. 
The results of Ackerman (1987b) indicated that items having a larger discrimination 
value on dimension one had a higher unidimensional discrimination estimate and were most 
often selected in the CAT item selection algorithms. Therefore, examinees could potentially 
receive sets of items with dissimilar discrimination parameters and a disproportionate number of 
items within contents. The entire item pool was intended to provide similar information at all 
combinations of ability, however when the first test format was applied, more information was 
provided on the first dimension than the second dimension for the selected sets of items. The 
unidimensional estimates of ability were more closely associated with true ability on the first 
dimension,   ̂         and   ̂        . The conclusion was made that though an item pool 
provided uniform information, different subgroups in the ability plane did not receive parallel 
tests. 
Two sets of items having semi-complex and complex structures. Finch (2011) studied 
the impacts of different item parameters, sample sizes, and IRT models on semi-complex versus 
complex structured items using unweighted least squares estimation and MMLE. A somewhat 
balanced test of 30 items consisted of 13 that loaded only on the first factor, 
    (            ), with a        and       , and       ; and another 13 loaded 
only on the second factor, with similar distributions of discrimination. In the semi-complex case, 
the remaining four items were designed such that two items loaded primarily on the first factor 
with the same distribution on    and    
  
 
, while the other two items loaded primarily on the 
second factor, with the same distribution on    and    
  
 
. In the complex structure, the 
remaining four items had strong loadings on both factors. In all cases, difficulty was taken from a 
standard normal distribution. Sample sizes considered were                and      . 
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Correlation between dimensions were varied at              and    . A two-dimensional, 
compensatory, 2PL model, as applied, as well as a 3PL model with    (           ). The 
parameter and structure manipulations were applied on examinees with an assumed bivariate 
normal distribution, and also a non-normal distribution, with a skewness of      and kurtosis of 
   . 
The item parameter estimates were the focus of the analysis by Finch (2011) and were 
summarized by item type. Estimations were discussed in terms of average standard errors for the 
simple structured and for the semi-complex structured items at varying levels of sample size, 
correlation, other manipulated factors, and models; the values of the estimated item parameters 
were not reported. The research did not discuss on the estimation of ability to any extent. 
Standard errors of the discrimination and difficulty parameters were higher for the semi-complex 
items as compared to the simple items. Standard errors of the discrimination parameter estimates 
increased as sample size increased when the guessing parameter was included in the model and 
decreased as sample size increased when the guessing parameter was not included in the model. 
Within each structure, the difficulty and discrimination estimates from the 3PL model were 
larger than those from the 2PL model, but the differences in these diminished as sample size 
increased. Standard errors of the discrimination parameter estimates decreased as the correlation 
increased, and were consistently larger for the complex items as compared to the semi-complex 
items. 
Analysis on the difficulty parameter revealed an interaction only between structure type 
and latent ability. Standard errors were again highest when the correlation was    , and tended to 
decrease as correlation increased. Standard errors of the difficulty parameter estimates were not 
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significantly influenced by sample size, and were somewhat smaller when the 2PL model was 
applied over the 3PL (                     ). 
The author concluded that, “using the MIRT model exhibited lower levels of bias in both 
discrimination and difficulty parameter estimates that do not exhibit simple structure” (Finch, 
2011, p. 78). Consistently a positive bias was reported for the discrimination parameter, 
indicating an overestimate of the true discrimination of an item. 
Multiple unbalanced tests having a semi-complex structure. Kroopnick (2010) studied 
the effects of correlation across two dimensions and confounding difficulty and ability in linking 
tests across grades. Two unbalanced tests were composed of approximately 45 items primarily 
measuring easier items and approximately 15 items primarily measuring more difficult items in 
one case and approximately 15 items measuring easier items and 45 items measuring more 
difficult items in the second case. The primary dimension had an   angle of           , and the 
secondary dimension had an   angle of          ; all items had       . Three levels of 
confounding difficulty with dimensions were tested: (1) high confound where    was highly 
correlated with the dimension with the higher discrimination value,     (       ) and 
    (      ); (2) moderate confound where    was moderately correlated with the primarily 
dimension,     (        ) and     (       ); and (3) no confound where    was randomly 
determined and had very little correlation with a primarily dimension,     (   ) and 
    (   ). The correlation between dimensions varied from              to    . 
 Methods of MMLE were used to estimate item parameters and the expected a posteriori 
procedure was used for estimating ability (Kroopnick, 2010). Cut-scores of estimated ability 
were determined and examinees were grouped as being proficient or not proficient. As the 
correlation between dimensions increased, true positive and true negative classification rates 
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became more accurate. When confounding was not present and examinees were not proficient on 
either dimension, classifications were very accurate. True negative rates were highest when 
difficulty of items was hardest and the ability levels did not meet the difficult level on either 
dimension; true positive rates were highest when the difficulty of items was easy and the ability 
levels exceeded the difficulty levels on both dimensions. Misclassifications occurred most often 
when examinees’ abilities were higher in one dimension and lower in another and confounding 
existed. 
Multiple unbalanced tests having simple and semi-complex structures. Chang (1992) 
compared multi- and unidimensional estimations of ability across four subtests composed of 
items which measured only one dimension or items which measured primarily one dimension. 
Two levels of correlation (    and    ) and two sample sizes (    and     ) were applied to 
the data-sets, each of which was composed of 25 items, using a 2PL compensatory model. For all 
subtests, the unidimensional difficulty parameter values were uniformly distributed between  
-2.25 and 2.25. The first set of 25 items composing subtest A1 measured the first dimension, 
with     (        ) and     ; the mean multidimensional difficulty was  ̅       . The 
second set of 25 items composing subtest A2 primarily measured the first dimension, with the   
vector rotated counterclockwise     for the first level of correlation; the mean multidimensional 
difficulty on subtest A2 was  ̅       . The third set of 25 items composing subtest B1 
measured only the second dimension, with      and     (        ); the mean 
multidimensional difficulty for the set of items was  ̅      . The final set of 25 items 
composed subtest B2 and primarily measured the second dimension, with the   vector on the last 
25 items rotated clockwise    ; the mean multidimensional difficulty of items on subtest B2 was 
 ̅      . At the second level of correlation the   vectors for subtests A1 and A2 and for 
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subtests B1 and B2 were rotated    and    , respectively. Subtests A1 and A2 were combined to 
compose test A; subtests B1 and B2 were combined to compose test B. The author used methods 
of marginal maximum likelihood in estimating item parameters and expected a posteriori for 
estimating ability. True ability for the set of examinees followed a bivariate normal distribution. 
The composite true ability was calculated as a linear combination of true abilities on both 
dimensions, considering the discrimination on each dimension (Chang, 1992). Theoretical 
standard errors were calculated as the inverse of the square root of information. When the 
composite true ability was zero, theoretical standard errors were expected to be the smallest; 
standard errors increased as the true composite ability was at more extreme ends of the 
distribution, but only uniformly when items measured some combination of ability on both 
dimensions. On the first set of 25 items, which were the hardest and only measured the first 
dimension, standard errors increased more on the negative composite of ability and less on the 
positive composite of ability. On the third set of 25 items (items 51 to 75), which were easiest 
and measured only the second dimension, standard errors increased more on the positive 
composite of ability and less on the negative. To summarize the previous statements, theoretical 
standard errors increased when the mean multidimensional difficulty level for that set of items 
was furthest from the composite of ability level. The pattern was similar at all levels of sample 
size and correlation, and standard errors were consistently higher for unidimensional estimations 
rather than multidimensional. The conclusion was made that more information was provided for 
a narrow range of  , and little or no information outside that range at extreme ends of the ability 
scale. 
The empirical standard errors were calculated as the standard deviation of the estimated 
ability over 25 replications. The empirical standard errors were smaller than theoretical standard 
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errors for all unidimensional ability estimates (Chang, 1992). The pattern of larger standard 
errors for true composite abilities at extreme ends of the scales was not present for empirical 
standard errors, which were relatively constant along the entire ability scale. Overall, more total 
test information was provided when the correlation between dimensions was larger. Within sets 
of 25 items, less information was provided when the items measure only one dimension (items 1-
25 and 51-75) rather than measuring a composite of two dimensions. 
Both uni- and multidimensional approaches tended to underestimate discrimination and 
had nearly equal standard errors (Chang, 1992). As sample size increased, the standard errors 
diminished. The standard errors were smaller from the unidimensional approach than for the 
multidimensional. The correlation between dimensions had little impact on item parameter 
estimates. 
Multiple sets of items having semi-complex and complex structures. Song (2010) 
studied the effects of four manipulated variables in a simulation study of computer adaptive 
testing. Data were composed of three sets of items composed to form either a two- or three-
dimensional dataset. The two-dimensional data had items loading primarily on the first 
dimension, items loading primarily on the second dimension, and items loading on a composite 
of the two dimensions. Three dimensional data had items loading only on the first or second 
dimensions, and items loading on the composite of the two dimensions. Examinees were taken 
from a multivariate normal distribution with zero mean and correlations of         and    . Two 
levels of confounding difficulty with dimensionality were chosen: (1) the average difficulty 
levels (     ) for each set of items was zero or (2) the first set of items loaded primarily on the 
first dimension were easier, the second set of items loaded primarily on the second dimension 
and were more difficult, and the third set of items loading equally on the two dimensions had 
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equal difficulty. Four content-balancing procedures were compared for the computer adaptive 
test structure. The author’s primary interest was to compare three of the procedures, constrained 
CAT, modified multinomial model, and modified constrained CAT with the unconstrained 
method with maximum information for a pool of 400 items. 
Mean unidimensional discrimination parameter estimates were reported for the three sets 
of items at both levels of confounding difficulty in Table 4 (Song, 2010). When each set of items 
had equal difficulty, the unidimensional discrimination values for the first two sets of items were 
comparable to the average of the true discrimination on each dimension; the third set of items 
which had equal discrimination on the two dimensions had a large overestimated unidimensional 
discrimination closer to the sum of the unidimensional values and had larger variability. When 
items sets had unequal difficulty and unidimensional discrimination, estimated discrimination for 
the first set of easier items was closer to the discrimination on the first dimension; for the second 
set of difficult items, the estimated discrimination was a large overestimate of true discrimination 
on the second dimension and had larger variability. The third set of items with equal difficulty 
and discrimination had an overestimate of discrimination with larger variability and was 
estimated as being somewhat easier.  
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Table 4 
Summary of Mean True and Estimated Item Parameters
a
 (Song, 2010) 
         ( ̂)   ( ̂)          ( ̂)   ( ̂) 
Equal Difficulty       
 Set 1                                                   
  Set 2                                                  
 Set 3                                                  
Unequal Difficulty         
 Set 1                                                   
 Set 2                                                  
 Set 3                                                  
a
 Reported values are for the specific case of no correlation between two-dimensions. 
 The unidimensional estimated difficulty was generally close to zero when the average 
      was zero for each set of items (Song, 2010). When the      value was changed by 
     and      for the first and second sets of items, respectively, the estimated unidimensional 
difficulty had a similar change in direction. The standard deviations of estimated difficulty were 
larger than those from estimated discrimination. 
The accuracy of unidimensional theta estimations in matching the multidimensional data 
were discussed by Song (2010) in terms of model-fit. The actual differences between true and 
estimated ability were not discussed. When difficulty was consistent across dimensions and 
when difficulty varied, the four balancing methods showed a similar trend with more biased 
estimates at extreme ends of the ability distribution. High ability examinees tended to be 
underestimated and low ability examinees tended to be overestimated in all cases. 
Summary 
A common approach in the studies of unidimensional theta estimations for 
multidimensional data was through groupings of examinees based on the unidimensional theta 
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estimations for a single dataset composed of items measuring only one dimension, items 
primarily measuring one dimension, items measuring a composite of two dimensions, or some 
combination of the aforementioned structures. Ackerman (1987a, 1987b, 1989) rank ordered 
unidimensional estimates and grouped them into quantiles; Reckase et al. (1986) grouped 
unidimensional theta estimates into deciles. Then, each studied the accuracy (how close the 
estimated value was to either of the true values) of the unidimensional theta groups to the 
average true multidimensional ability on each dimension within each grouping. Ackerman 
(1987a, 1989), Ansley and Forsyth (1985), and Way et al. (1988) compared estimated 
unidimensional item parameters and unidimensional ability to the true multidimensional values 
and the average of true values, making comparisons at different levels of correlation between 
dimensions and comparing results from the compensatory and noncompensatory data. Chang 
(1992) and Kroopnick (2010) made comparisons across multiple test forms having differing 
degrees of confounding between difficulty and discrimination; these focused on the precision of 
unidimensional estimations from multidimensional data across multiple tests for the population 
of examinees but not specific subgroups. The studies by Finch (2011) and Song (2010) focused 
on the precision of item parameter estimations for various combinations of manipulated test 
characteristics, without reporting the actual values of the estimated item parameters; the reports 
also did not discuss effects on unidimensional theta estimates. Table 5 reports the specifications 
of datasets used in the discussed research. 
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Table 5 
Specifications of Datasets Used in Previous Literature 
Author(s) 
(Year) 
P
a
 C/ 
NC
b 
Est.
c 
Difficulty Discrimination Guess No. 
Items 
Ackerman 
(1987a; 1989) 
2 NC JMLE & 
MMLE, 
EAP 
       to                       to               0 40 
2 C JMLE & 
MMLE, 
EAP 
 
       to                      to               0 40 
Ackerman 
(1987b) 
 
2 C JMLE MDIFF  (   ) MDISC ~  (             ) 0 CAT 
 
Ansley & 
Forsyth (1985) 
 
3 
 
NC JMLE    (          )  
   (          )  
   (         )  
   (         )  
.2 30, 
60 
Chang (1992)  2 C MMLE, 
EAP 
A1:  ̅        
A2:  ̅        
B1:  ̅        
B2:  ̅        
Test A1, I 1-25:     (        )      
Test A2, I 26-50:    rotated counterclockwise   ;  
Test B1, I 51-75:          (        )  
Test B2, I 76-100:    rotated clockwise    
 
0 100 
a 
P: number of parameters in the model applied. 
b 
C: compensatory, NC: noncompensatory. 
c 
Est: the estimation procedure. 
(table continues) 
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Table 5 (cont.) 
Author(s) 
(Year) 
P
a
 C/ 
NC
b 
Est.
c 
Difficulty Discrimination Guess No. 
Items 
Finch (2011) 
 
2 
& 
3 
C MMLE     (   ), 
    (   ) 
I 1-13:     (            ),       
I 16-28:           (            ) 
Semi-complex: 
   I 14-15:     (             ),    
  
 
  
   I 29-30:    
  
 
      (             ) 
Complex: 
   I 14-15, 29-30:        (             ) 
 
  &  
   
(   
   ) 
30 
Kroopnick 
(2010)  
2  C MMLE, 
EAP 
(1) high confound: 
    (      ), 
    (      ) 
(2) moderate 
confound: 
    (      ), 
    (     ) 
(3) no confound: 
     (   ) and 
    (   ). 
 
MDISC=1 
The primary dimension had an   angle of 
       , and the secondary dimension had an   
angle of       ; 
0 60  
Reckase et al. 
(1988) 
2 C JMLE I 1-20:   (         ) 
I 21-40: 
  (         ) 
I 41-60: 
  (         ) 
I 61-80: 
  (          ) 
I 1-20:    (        )      
I 21-40:       (         )  
I 41-60:         (        ) 
I 61-80:    (         )    (         ) 
0 80 
 
a 
P: number of parameters in the model applied. 
b 
C: compensatory, NC: noncompensatory. 
c 
Est: the estimation procedure. 
(table continues) 
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Table 5 (cont.) 
 
Author(s) 
(Year) 
P
a
 C/ 
NC
b 
Est.
c 
Difficulty Discrimination Guess No. 
Items 
Reckase et al. 
(1986) 
2 C JMLE I 1-10:       to     
I 11-20:        to 
       
I 1-10:           
I 11-20:           
0 20 
Song (2010) 3 C MMLE, 
EAP 
Equal difficulty across 
content 
1:  ̅       
2:  ̅       
3:  ̅       
Unequal difficulty 
across content 
1:  ̅       
2:  ̅        
3:  ̅       
Equal difficulty across content 
1:  ̅      ,  ̅       
2:  ̅      ,  ̅       
3:  ̅      ,  ̅       
Unequal difficulty across content 
1:  ̅      ,  ̅       
2:  ̅      ,  ̅       
3:  ̅      ,  ̅       
.2 CAT 
        
Way, et al. 
(1988) 
3 NC JMLE    (          )  
   (          )  
   (         )  
   (         )  
.2 60 
 3 C JMLE    (         )  
   (          )  
 
   (         )  
   (         )  
.2 60 
a 
P: number of parameters in the model applied. 
b 
C: compensatory, NC: noncompensatory. 
c 
Est: the estimation procedure.
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The purpose of this study was to investigate both accuracy and precision of 
unidimensional theta estimates for subgroups of the population across various test forms having 
differing difficulty levels and number of items across dimensions. Unidimensional theta 
estimates were dependent upon the unidimensional item parameter estimates with the chosen 
estimation algorithm applied, therefore unidimensional item parameter estimates were also 
studied in terms of accuracy. This research extended the Ackerman (1987a, 1989) studies and the 
Reckase et al. (1986) study by dividing the data into nine subgroups of the population based on 
the known true ability on two dimensions rather than the unidimensional estimates and by 
incorporating specific test forms which were matched on overall difficulty and length but had 
differing degrees of difficulty and number of items within sub-content areas. Associations were 
made between the true ability on each dimension and estimated unidimensional thetas for each 
subgroup across the multiple test forms. By creating the original population to be a combination 
of nine relatively distinct subpopulations with two-dimensional theta space having midpoints 
with a distance of        or greater from each other and dimensional standard deviations within 
subgroups of    , the comparisons of true theta abilities with their unidimensional estimates were 
more distinct. This perspective allowed for a better understanding of the confounding effects of 
multidimensional ability, difficulty, and length on unidimensional theta estimates for a test which 
had a difficulty level on each dimension which was in alignment with or was misaligned with 
examinees’ true abilities on each dimension. 
Previous research concluded that unidimensional estimates of item parameters or thetas 
have smaller standard errors and greater information when the ability distributions on the two 
dimensions matched the difficulty of the item sets (Ackerman, 1989). Reckase et al. (1986) 
concluded that confounding effects of difficulty and dimensionality varied along the 
  
53 
 
unidimensional theta continuum. Unidimensional estimates of ability were commonly more 
correlated with multidimensional values when a compensatory model was used and dimensions 
were correlated (Ackerman, 1987a, 1989; Ansley & Forsyth, 1985; Way et al., 1988). The 
structure of the multidimensional data, whether simple or complex, was also influential on the 
unidimensional estimations (Finch, 2011), with complex datasets having larger standard errors 
than simple datasets. The precision of item parameter estimation had been studied in varying 
dataset specifications, but the degree to which the estimated parameters accurately compared to 
the true parameters was seldom the focus (Finch, 2011; Song, 2010). However, few studies have 
combined a comparison of the ability estimations of subgroups in regards to closeness of the 
estimations, overestimations, or underestimations in relationship to how they align with item 
form characteristics. This study analyzed the accuracy and variability of the estimations of 
unidimensional ability with true multidimensional ability levels for subgroups of the population 
across test forms with differing degrees of confounding difficulty and number of items. 
In many testing communities, multiple test forms commonly have equal difficulty and 
number of item across forms; however, they may not have similar difficulty and number of items 
within sub-content areas. Thus, this study further investigated whether subgroups of the 
population who have different theta distributions on multiple dimensions can expect their ability 
to be estimated equivalently across test forms that have similar overall test characteristics, but 
differing qualities within sub-content areas.  
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Chapter 3 
Method 
Context 
 This study was designed to address the effects of inconsistent item characteristics at the 
sub-content level on multiple forms of large-scale, multiple-choice achievement, aptitude, or 
licensure types of tests on the estimation of ability for subgroups of the population. Examples of 
these assessments include the ACT, Scholastic Achievement Test, Iowa Test of Basic Skills, and 
state-level K-12 academic assessments such as the Arkansas Benchmark exams, Oklahoma Core 
Curriculum Test, and Texas Assessment of Knowledge and Skills. One example to describe in 
detail is the ACT exam which is a curriculum-based test of student mastery of college readiness 
standards and many state learning standards in English, Math, Reading, and Science Reasoning 
(ACT, 2007). Each subject test is composed of several sub-content areas. The mathematics test is 
a 60-item test assessing mathematical reasoning skills typically acquired through courses taken 
during high school. The test has six sub-content areas: pre-algebra, elementary algebra, 
intermediate algebra, coordinate geometry, plane geometry, and trigonometry. The same set of 
items also covers four cognitive levels: knowledge and skills, direct application, understanding 
concepts, and integrating conceptual understanding. The exam is administered multiple times 
annually. Multiple forms of each test have been developed; each form has the same total number 
of items, but forms may vary slightly in difficulty. In this case, equating is used to control for the 
difficulty across forms for the test as a whole (ACT, 2007). The ACT Technical Manual (2007) 
reports content specifications for the ACT Mathematics Test having equal number of items 
within the six sub-content areas across forms; however, the manual does not indicate equivalent 
difficult levels across forms within each sub-content area. A state-level academic test such as the 
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Oklahoma Core Curriculum Test matches the number of items within Mathematics, Reading, 
Science, and Social Studies across forms, but does not indicate that item numbers or average 
difficulty within sub-content areas is held constant across forms (OSDE, 2011). 
 This study explored the effects of administering multiple forms which differ at the sub-
content level on a test which measured two dimensions (e.g., Algebra and Geometry) on the 
estimated score within subsets of the population. Algebra was referred to as the first dimension 
and Geometry as the second dimension in the following descriptions. Subgroups of examinees 
included those who had similar knowledge, low, moderate, or advanced, in both subjects and 
those who had different ability levels on the two subjects, from slight variations to very large 
ability differences. 
 The various test forms were designed to have the same overall difficulty and number of 
total items, yet have different levels of difficulty and number of items within each dimension or 
sub-content area. Multiple forms had different levels of difficulty across Algebra and Geometry 
items, and also differing magnitudes of differences between difficulty levels. For instance, some 
forms had somewhat easy Algebra and slightly difficult Geometry items, or easier Geometry and 
more difficult Algebra. The case was also presented with very easy items in one sub-content area 
and very hard items in the other sub-content area. Some forms were balanced in content, having 
equal number of items primarily measuring either Algebra or Geometry, and other forms were 
unbalanced, having more items primarily measuring one sub-content area and fewer items 
measuring the other sub-content area. 
Model 
 A two-dimensional, compensatory model (Reckase, 1985) was used for simulating the 
response data; a one-dimensional, compensatory model (Hambleton & Swaminathan, 1985) was 
  
56 
 
used in analyzing the simulated data. A compensatory model was chosen to more realistically 
mimic case of a mathematics test covering Algebra and Geometry (Ackerman, 1987a). The 
results of the unidimensional 2PL and 3PL IRT models were compared. The 2PL model 
provided confounding effects of difficulty and length across dimensions in a more controlled 
setting (Ackerman, 1989). The 3PL model was a more realistic display of such effects in the case 
of a large-scale, multiple-choice achievement or aptitude test (Ansley & Forsyth, 1985; Way et 
al., 1988). 
Sample 
The sample consisted of nine subgroups of examinees having all combinations of theta 
distributions on two dimensions, with the average true ability on each dimension being 
          . Abilities on each dimension followed a normal distribution (      ). A 
standard deviation of     was chosen to allow for variability within groups with minimal overlap 
across the groups, in order to make comparisons across ability groups that were somewhat 
similar and across those that were relatively distinct in ability on the two dimensions. Five 
hundred examinees were simulated within each of the nine combinations (see Table 6) of    and 
   resulting in       total examinees. The compiled set of examinees, referred to as the 
population, followed an approximate standard normal distribution on each dimension. 
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Table 6 
True Ability Distribution on Each Dimension for the Nine Subgroups 
Subgroup    distribution    distribution 
1   (      )   (      ) 
2   (      )   (       ) 
3   (      )   (      ) 
4   (       )   (      ) 
5   (       )   (       ) 
6   (       )   (      ) 
7   (      )   (      ) 
8   (      )   (       ) 
9   (      )   (      ) 
Total  (  )          
  (  )        
 (  )         
  (  )        
 
Item Response Data 
 Seventy-two forms of a two-dimensional, 40-item exam were constructed. Thirty-six test 
forms did not include a guessing parameter; a corresponding set of 36 forms with identical item 
discrimination, item difficulty, and number of items within sub-content area was created and 
included a guessing parameter. Each form contained two sets of items; each primarily measured 
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one of the two dimensions. Overall, the forms had the same total test difficulty and an equal total 
number of items. The distinguishing variables of each form were the (1) the mean and range of 
difficulty within each dimension, (2) the number of items within each dimension, and (3) the 
model applied, indicated by the value of the guessing parameter. A blueprint for selected 
parameters was taken from Ackerman (1989), Ansley and Forsyth (1985), and Way et al. (1988) 
where authors were cautious of producing datasets which closely resemble realistic, multiple-
choice achievement data. One thousand replications were made for each interaction between 
ability distributions and item parameter specifications. 
Non-manipulated parameters. The total test length was held constant at 40 items. This 
test length was chosen to follow Ackerman (1987a, 1989). The total sample size was fixed to 
     . The method of estimating item parameters was marginal maximum likelihood estimation 
[MMLE]; the MMLE method was preferred over joint maximum likelihood and conditional 
maximum likelihood estimations for its precision of estimations for larger samples, more than 
1000, and large instruments with more than 20 items (Stone, 1992; de Ayala, 2009). MMLE can 
be applied for both the 2PL and 3PL, contrary to JMLE (de Ayala, 2009). The method of 
estimating an ability score was the expected a posteriori [EAP] method; this method was chosen 
due to its ability to handle item response strings consisting of all zeros or all ones. EAP is more 
precise than other Bayesian methods (de Ayala, 2009; DeMars, 2001; Wainer & Thissen, 1987). 
The correlation between dimensions was fixed to    , similar to Ackerman (1989), Reckase et 
al. (1988), and Reckase et al. (1986). 
The discrimination of items on each dimension was held constant on all forms. In all 
cases, a semi-complex structure was used, where each form contained two sets of items primarily 
measuring one of the two dimensions with a high discrimination level on the primary dimension 
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and a low discrimination level on the secondary dimension. Discrimination level on the primary 
    dimension was set to       ; discrimination level on the secondary  
   dimension was set 
to       . This followed the most distinct cases of Ackerman (1987a, 1989) who suggested a 
structure commonly used in standardized tests where items tended to primarily measure one 
dimension, with a discrimination level on the primary dimension higher than that of the 
secondary dimension and greater than    . Due to the use of a compensatory model, 
discrimination on the secondary dimension was small, but not negligible. The design followed 
the ACT Technical Manual (2007) which required an item to have a discrimination value greater 
than or equal to     . The parameter was defined according to classical test theory’s biserial 
correlation,     , yet was very similar to the IRT discrimination value; the relationship between 
     and   is        √     (de Ayala, 2009, p. 365). The chosen discrimination levels on 
each dimension resulted in a multidimensional difficulty of            on each item. 
Manipulated item parameters. 
Balance. One balanced and two unbalanced test structures were studied. In the balanced 
cases, test forms had an equal number of items primarily measuring each dimension, with 20 
items primarily measuring one dimension and 20 items primarily measuring the other dimension. 
In the unbalanced cases, test forms had an unequal number of items primarily measuring each 
dimension. A slightly unbalanced design had 25 items measuring mainly one dimension and 15 
items measuring the other. An extremely unbalanced design had 30 items primarily measuring 
one dimension and 10 items primarily measuring the other dimension. 
The balanced and unbalanced designs were similar to the proportions found in the ACT 
Mathematics Test (2007) between two selected areas within the test. Of the six sub-content areas 
comprised of Pre-Algebra, Elementary Algebra, Intermediate Algebra, Coordinate Geometry, 
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Plane Geometry, and Trigonometry, the approximate number of items within each area is 14, 10, 
9, 9, 14, and 4, respectively. The degree of proportional differences between any two sub-content 
areas ranges from equal to extremely unbalanced. 
Difficulty. The difficulty within each dimension was manipulated such that the total test 
difficulty was equivalent across all forms. The total test difficulty was calculated as a weighted 
average of the   parameter or the      value of the two sets of items, each weighted by the 
number of items in that set. The targeted total test difficulty was zero. 
The unidimensional difficulty levels on each dimension were the same on both sets of 
items within each form. The mean unidimensional difficulty levels of each dimension were 
chosen to be approximately     ,     , and     . In some cases the difficulty on the first 
dimension was negative and the difficulty on the second dimension was positive; in other cases 
this was reversed. For the balanced cases, the resulting multidimensional difficulty values,  , 
were      ,      , and      , positive for the first set of 20 items and negative for the second 
set of 20 items. Each followed a uniform distribution with a range of one or two to represent 
varying conditions of overlap in sub-content difficulty. In the case of the balanced design, the 
stated values were used exactly. In the unbalanced designs, the unidimensional difficulty value 
on the second dimension was altered in order to reach the targeted weighted total test difficulty 
of zero. Table 7 presents the unidimensional and multidimensional discrimination (       and 
     ) and difficulty (         and     ) levels for each set of items; these were identical 
for the 2- and 3PL models and for the two ranges of the uniform distribution on  .
  
 
6
1
 
Table 7 
Unidimensional Item Parameters for Each Dimension and Multidimensional Item Parameters for Each Set of Items for the 
72 Test Forms 
Form   
2PL
a 
3PL
 
First Set of Items Second Set of Items 
1
b 
2 1 2                ̅ 
c                       ̅ 
c        
1 7 37 43 20 1.8 0.2 -0.9 0.900 1.440  -0.795 20 0.2 1.8 -0.9 0.900 -1.440  0.795 
2 8 38 44 20 1.8 0.2 -0.5 0.500 0.800  -0.442 20 0.2 1.8 -0.5 0.500 -0.800  0.442 
3 9 39 45 20 1.8 0.2 -0.1 0.100 0.160  -0.088 20 0.2 1.8 -0.1 0.100 -0.160  0.088 
4 10 40 46 20 1.8 0.2 0.1 -0.100 -0.160  0.088 20 0.2 1.8 0.1 -0.100 0.160  -0.088 
5 11 41 47 20 1.8 0.2 0.5 -0.500 -0.800  0.442 20 0.2 1.8 0.5 -0.500 0.800  -0.442 
6 12 42 48 20 1.8 0.2 0.9 -0.900 -1.440  0.795 20 0.2 1.8 0.9 -0.900 1.440  -0.795 
13 19 49 55 25 1.8 0.2 -0.9 1.350 1.350  -0.745 15 0.2 1.8 -0.9 1.350 -2.250  1.242 
14 20 50 56 25 1.8 0.2 -0.5 0.750 0.750  -0.414 15 0.2 1.8 -0.5 0.750 -1.250  0.690 
15 21 51 57 25 1.8 0.2 -0.1 0.150 0.150  -0.083 15 0.2 1.8 -0.1 0.150 -0.250  0.138 
16 22 52 58 15 1.8 0.2 0.1 -0.067 -0.167  0.092 25 0.2 1.8 0.1 -0.067 0.100  -0.055 
17 23 53 59 15 1.8 0.2 0.5 -0.333 -0.833  0.460 25 0.2 1.8 0.5 -0.333 0.500  -0.276 
18 24 54 60 15 1.8 0.2 0.9 -0.600 -1.500  0.828 25 0.2 1.8 0.9 -0.600 0.900  -0.497 
a
 2PL indicates that the two-parameter logistic model was used; 3PL indicates that the three-parameter logistic model was 
used with       . b Indicates the range of the uniform distribution centered around the mean multidimensional difficulty 
parameter,  ̅ . 
c
  ̅  indicates the mean multidimensional difficulty for the  
th
 set of items. The multidimensional difficulty 
parameter follows a uniform distribution with a range of either one or two. 
(table continues) 
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Table 7 (cont.) 
Form   
2PL
a 
3PL
 
First Set of Items Second Set of Items 
1
b 
2 1 2                ̅ 
c                       ̅ 
c        
25 31 61 67 30 1.8 0.2 -0.9 2.100 1.200  -0.663 10 0.2 1.8 -0.9 2.100 -3.600  1.988 
26 32 62 68 30 1.8 0.2 -0.5 1.167 0.667  -0.368 10 0.2 1.8 -0.5 1.167 -2.000  1.104 
27 33 63 69 30 1.8 0.2 -0.1 0.233 0.133  -0.074 10 0.2 1.8 -0.1 0.233 -0.400  0.221 
28 34 64 70 10 1.8 0.2 0.1 -0.043 -0.171  0.095 30 0.2 1.8 0.1 -0.043 0.057  -0.032 
29 35 65 71 10 1.8 0.2 0.5 -0.214 -0.857  0.473 30 0.2 1.8 0.5 -0.214 0.286  -0.158 
30 36 66 72 10 1.8 0.2 0.9 -0.386 -1.543  0.852 30 0.2 1.8 0.9 -0.386 0.514  -0.284 
a
 2PL indicates that the two-parameter logistic model was used; 3PL indicates that the three-parameter logistic model was 
used with       . b Indicates the range of the uniform distribution centered around the mean multidimensional difficulty 
parameter,  ̅ . 
c
  ̅  indicates the mean multidimensional difficulty for the  
th
 set of items. The multidimensional difficulty 
parameter follows a uniform distribution with a range of either one or two. 
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The values were chosen in a way such that for some forms the range of ability levels of a 
subgroup of examinees on each dimension did not meet the difficulty level on either dimension; 
on other forms, the ability levels met the difficulty level on only one dimension; and on some 
forms, the ability levels met or exceeded the difficulty levels on each dimension for that 
subgroup of examinees. Figure 1 displays a scatterplot of the unidimensional difficulty values on 
each dimension, along with circles representing the ability distributions of the nine subgroups. 
 
Figure 1. Scatterplot of unidimensional difficulty values across balanced and unbalanced forms 
and circles representing the ability distributions for the nine subgroups. 
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Also considered was the amount of overlap in the difficulty levels of the two dimensions. 
Some forms allowed for large amounts of overlap in difficulty on the two dimensions, indicating 
a similar difficulty level of sub-content, shown in Figures 2, 3, and 4. Differences in difficulty on 
the two dimensions ranged from little, moderate, to large differences, where difficulty in one 
sub-content area was very easy and difficulty in the other sub-content area was very hard. 
Figure 2. Range of    parameters for the 12 balanced forms. This figure shows the mean and 
upper and lower bounds of the    parameters for the first and second sets of 20 items. 
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Figure 3. Range of    parameters for the slightly unbalanced forms. This figure shows the mean 
and upper and lower bounds of the    parameters for the first and second sets of 25 or 15 items. 
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Figure 4. Range of    parameters for the extremely unbalanced forms. This figure shows the 
mean and upper and lower bounds of the    parameters for the first and second sets of 30 or 10 
items. 
An explanation of the first three forms is discussed in more detail, starting with the 
distributions on the    parameters having a range of one. Let    refer to the multidimensional 
difficulty on the first set of items which primarily measured the first dimension and    refer to 
the multidimensional difficulty on the second set of items, which primarily measured the second 
dimension. On form 1, the range of multidimensional difficulty on the first set of items was 
      to       and       to       on the second set of items. The gap between these two was 
larger in magnitude than that on form 2. The mean difficulty on the first set of items was very 
easy ( ̅       ) and the mean difficult on the second set of items was difficult ( ̅       ). 
On form 2, the ranges of multidimensional difficulty on the first and second sets of items 
were       to       and       to      , respectively. These distributions had no amount of 
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overlap in difficulty ranges with a small gap between the distributions. The mean difficulty on 
the first set of items was easier ( ̅       ) and the mean difficulty on the second set of items 
was more difficult ( ̅       ). 
On form 3, the difficulty level of each set of items was very similar; the lower bound for 
   was       and the upper bound was      ; the lower and upper bounds of    were       
and      , respectively. The distribution of the difficulty levels had a large overlap, and the 
mean difficulty was close to zero on both sets of items ( ̅         ̅       ). 
Each of the three forms had a corresponding form (forms 4, 5, and 6) of similar content 
balance but with the difficulty level within each dimension reversed. For instance, the difficulty 
levels for the two sets of items on form 3 were     (           ) and     (          ); 
on form 4, the difficulty levels for the two sets of items were     (          ) and 
    (           ). The next six forms (forms 7 through 12) were centered around the same 
mean difficulty level for each set of items but had a range on the uniform distribution of two, 
rather than one, creating scenarios where the degree of overlap in item difficulty was larger than 
in the first set of scenarios. For example, forms 8 and 11 (which corresponded in average 
difficulty level with Forms 2 and 5) had overlap in item difficulty ranges where forms 2 and 5 
did not. 
The next two sets of 12 forms, forms 13 through 24 and forms 25 through 36, were 
analogous to the first 12 but with differing number of items within each set and altered 
unidimensional difficulty level on the second dimension. Forms 13 through 24 were slightly 
unbalanced with 25 items primarily measuring one dimension and 15 items primarily measuring 
the other dimension; forms 25 through 36 were extremely unbalanced with 30 items primarily 
measuring one dimension and 10 items primarily measuring the other dimension. The 
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unidimensional difficulty level on the second dimension for the forms was increased so that the 
overall total test difficult for each form remained at zero. Each of these 36 forms was fit to a 2PL 
model (forms 1 to 36) and to a 3PL model on forms 37 through 72. Table 7 reported the specified 
parameters for each test form. 
Guessing. Both a 2PL and a 3PL model were applied. In the 2PL cases (forms 1 through 
36), the guessing parameter was set to zero, similar to Ackerman (1987a, 1987b, 1989), Chang 
(1992), Kroopnick (2010), and Reckase et al. (1986, 1988). Ackerman (1989) stated that though 
this situation was not realistic, the intension was to control the noise that a guessing parameter 
may have added to the multidimensional data. A more realistic approach was to use the 3PL 
model, which was used by NAEP (Allen et al., 1999). In the 3PL cases (Forms 37 through 72), 
the guessing parameter was fixed to   , similar to that of Ansley and Forsyth (1985), Song 
(2010), and Way et al. (1988). 
Instruments 
 WinGen3. WinGen3 version 3.0.4.433 was used in the construction of (1) nine 
subgroups of examinees population of examinees having a specified combination of true ability 
on each dimension, (2) 72 different forms of tests with differing degrees of confounding between 
difficulty and content balance, and (3) item response data for the population of ability 
distributions (the combined nine subgroups) over the 72 simulated test forms. Item response data 
was replicated       times for each test form. 
 Two-dimensional examinee characteristics were specified to follow a normal distribution 
on each dimension with a mean of either       or   and a standard deviation equal to    . A 
total of nine different examinee ability distributions, each containing     examinees, were 
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generated. The data files of ability for the nine subgroups were concatenated to create a 
population of       examinees. 
The multidimensional, compensatory, 3PL IRT model for dichotomous data used in the 
WinGen3 program (Han & Hambleton, 2007) was that of Reckase (1985). Each file of item 
parameters were generated as two separate sets items, adding the second set of item parameters 
to the first. The dichotomous item response type was selected with a discrimination parameter of 
    on the first set of items and     on the second set of items; the discrimination values on each 
dimension were reversed for the second set of items. The difficulty parameter entered into the 
program was the   value indicating the multidimensional difficulty value. This was confirmed 
through personal communications with Kyung (Chris) T. Han (May 11, 2012), Psychometrician 
and Senior Manager of Research and Development at Graduate Management Admission 
Council
®
, who explained the multidimensional difficulty parameter to be entered into WinGen3 
version 3.0.4.433 was the intercept value of the exponent in the MC3PL model from Equation 6. 
This multidimensional difficulty value,  , was specified to follow a uniform distribution with a 
minimum and maximum corresponding to the specification of the form being created; these were 
detailed in previous Table 7. 
The guessing parameter,  , was set to follow a uniform distribution with a minimum and 
maximum of either zero or   . The generation of item response strings from the interaction of 
each of the nine subgroups of examinees and the 72 test forms was completed for each of the 
1,000 replications of ability distributions. 
 SAS. An iterative code was written SAS to load the data of item response strings of the 
population for each test form across the 1,000 replications. BILOG was called to read and 
analyze each replications, estimating item parameters and examinees’ abilities. SAS was later 
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used to summarize and analyze the estimated item parameters for each form and the estimated 
examinee abilities within subgroups across the test forms. 
BILOG. The BILOG software was used for the analysis of item response data for the 
estimation of item parameters and ability (du Toit, 2003). The program operated in three phases: 
(1) reading in the data file, (2) calibrating item parameters, and (3) estimating the score, or theta, 
for each examinee. First, the program was called to read in each concatenated file of item 
response data across the nine subgroups for each replication across all forms. The “logistic” 
keyword was used in the GLOBAL statement to indicate that the logistic model (     ) be 
used rather than the normal ojive model (     ). Output from this phase includes classical test 
theory statistics. 
Second, BILOG was used to fit the specified IRT model. The 2PL model was applied to 
the datasets generated with the guessing parameter set to  , and 3PL model was applied to the 
datasets generated with the guessing parameter set to   . The discrimination and difficulty 
parameters and the guessing value when applicable were estimated by the marginal maximum 
likelihood [MML] method, applying the expectation-maximization [EM] algorithm and the 
Newton-Gauss [NG] (Fisher scoring) algorithm. The number of cycles selected for the EM was 
  ; the number of NG steps selected was  . The default convergence criterion for each was    . 
Fit statistics were measured by the    goodness-of-fit index. Phase 2 output provided lower 
asymptotes and standard errors for the item intercept (equal to minus the discrimination 
multiplied by the difficulty), item discrimination (called slope), item difficulty (called threshold), 
item dispersion, item guessing (called asymptote), and the root mean square standard error. 
 Third, the estimated item parameters were applied in order to estimate the theta for each 
examinee using expected a posteriori [EAP] (du Toit, 2003). The mean and standard deviation of 
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the sample distribution for ability estimates were set to a default of  (   ). The IDIST keyword 
was used to specify the type of prior distribution of scale scores. The default of a standard 
normal approximation (IDIST=0) was used. The estimated ability scores were rescaled to the 
distribution in the sample (RSCTYPE=3). 
Analyses 
The described 72 test forms were interacted with the population of       examinees 
comprised of the nine subgroups for the simulation of item response data; this was repeated over 
1,000 replicated ability distributions. Item parameter estimates and examinee’s ability 
estimations were analyzed on the data sets for the populations. These estimates allowed for 
comparisons of subgroup estimations across the forms because the population of examinees 
followed approximately a standard normal distribution on each dimension. Likewise, the 
unidimensional theta estimation for the population of examinees was expected to follow a 
standard normal distribution. 
Phase 3 outputs for each of the test forms and replications from BILOG which contained 
unidimensional theta estimations for each examinee were disaggregated into the nine subgroups 
initially specified. Means and standard errors of unidimensional theta estimations across all 
replications within each subgroup became the basis of further investigations. The mean 
unidimensional theta estimation within each subgroup across the different forms were compared 
to the true ability on both dimensions in order to study the specific effects of confounding 
difficulty, sub-content balance, and chosen model with initial ability distributional differences. 
Standard errors of unidimensional theta estimates within subgroups were also compared across 
forms to investigate the variability of unidimensional estimations on multidimensional data at 
differing degrees of confounds among variables. 
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Last, the unidimensional item parameter estimations in each case, averaged over all 
replications, were compared to the true multidimensional item parameters specified. Though 
item parameter estimation was not the focus of this study, previous studies have concluded that 
unidimensional item parameter estimations vary with differing degrees of confounding item 
parameters when applied to multidimensional data (Ackerman, 1987a, 1989; Ansley & Forsyth, 
1985; Way et al., 1988). Because estimations of item parameters influenced the estimation of 
ability, both must be examined in order to provide a comprehensive understanding of the study. 
Simulation and Analysis Steps 
1. The two-dimensional ability distributions were generated for the nine subgroups of 
       examinees using WinGen3. These were concatenated to create a two-
dimensional dataset for the population of       examinees. 
2. Seventy-two sets of two-dimensional item parameter data were produced using 
WinGen3. These were the 72 test forms matched on overall difficulty and length, as 
specified in Table 7. 
3. Item response strings were simulated using WinGen3 through the interaction of the two-
dimensional ability distributions of the population with each of the 72 test forms. This 
was replicated       times. 
4. SAS was used to upload each of the item response datasets across all forms and 
replications and output each file to BILOG. 
5. BILOG was used to estimate item parameters and unidimensional thetas for every 
replication of the 72 forms of item response string for the population of       examinees. 
6. Within each of the 72 forms of output, item parameter estimates from Phase 2 were 
averaged over the       replications. Within each form, item parameter estimates were 
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averaged over the first and second sets of items, resulting in a mean and standard 
deviation for the estimated item parameters for each simulated form for the first and 
second sets of items. These became the basis of analysis for the estimated item 
parameters in the following steps. 
7. Each of the 72 sets of average unidimensional theta estimates were disaggregated into the 
nine subgroups of examinees. Within each of the 72 forms of output for the nine 
subgroups, theta estimates from Phase 3 were averaged over the       replications, 
resulting in a mean and standard deviation for the thetas estimated and mean standard 
errors of theta estimations for each simulated form and subgroup. These became the basis 
of the analysis of estimated ability scores in the following steps. 
8. Estimations of item parameters were compared to true item parameter specifications to 
investigate the effects of using the unidimensional IRT models with multidimensional 
data on the estimation of item parameters. 
9. Confounding effects of sub-content difficulty and/or length for subgroups of the 
population was evaluated by comparing the average unidimensional theta estimates to the 
true multidimensional abilities within subgroups across the various test forms. 
10. Standard errors of unidimensional theta estimations were evaluated within each subgroup 
across each form. 
Hypotheses 
The following hypotheses were made regarding the (1) mean unidimensional theta 
estimates and (2) standard errors within subgroups of the population when administered forms 
which had similar or dissimilar sub-content difficulty levels, sub-content item length, and 
guessing parameter values. Hypotheses 3 and 4 address effects of content balance and the 
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guessing parameter, respectively, on the means and standard errors of the estimates: 
1a. A group of examinees having equal true ability levels on both dimensions will 
have similar unidimensional theta estimates equal to the true ability across all 
forms, regardless of the difficulty levels within sub-content, the sub-content 
lengths, or the value of the guessing parameter. 
1b. A group of examinees having unequal true ability levels on both dimensions will 
have a unidimensional theta estimate lower than the average of true abilities on a 
form in which the true abilities do not meet the difficulty level on either 
dimension and a unidimensional theta estimate higher than the average of true 
abilities on a form in which true abilities exceed the difficulty level on both 
dimensions. 
1c. A group of examinees having unequal true ability levels on both dimensions will 
have a unidimensional theta estimate different from the average of true abilities 
on forms in which the examinees’ true ability level is above the difficulty level on 
one dimension and below the difficulty level on the other dimension. 
2. Unidimensional theta estimates of a group of examinees will have small standard 
errors on forms which have difficulty levels on each dimension which align with 
and are in similar range to the ability on each dimension, i.e. higher difficulty 
level on the dimension on which examinees have a higher ability and lower 
difficulty level on the dimension on which examinees have a lower low ability. 
3a. A group of examinees having unequal true ability levels on both dimensions will 
have estimated unidimensional thetas closer to the average of true abilities when 
content is balanced and closer to the true ability on the dimension with more items 
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when content is not balanced. 
3b. Standard errors will be larger when content is balanced, and will diminish as 
content becomes more unbalanced. 
4.  Standard errors will be large when the 3PL model is used, as compared to the 2PL 
model. 
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Chapter 4 
Results 
Subgroups of examinees were simulated as having similar or dissimilar ability on two 
dimensions; the nine subgroups were concatenated to form what is referred to as the population 
of examinees. Seventy-two different test forms were generated, each having 40 items and an 
overall test difficulty of zero, with differing number of items and average difficulty within sub-
content areas. Item response strings were generated for the population of examinees across each 
form; this was replicated       times. 
The primarily focus of the results were the mean unidimensional theta estimates for 
subgroups across the multiple forms, followed by the standard errors of the unidimensional theta 
estimates, both of which were computed in BILOG. Because the unidimensional ability estimates 
relied on the accuracy of the item parameter estimates, the results of the parameter estimates for 
each form across the 1,000 replications is discussed first, followed by the results of the ability 
estimates. 
The 2- and 3PL IRT models were applied in the estimations of unidimensional ability 
scores of the population of examinees on each test form. The unidimensional theta estimates 
were then disaggregated into the nine subgroups. The following results summarize the mean 
unidimensional theta estimates within each subgroup and across forms for the aggregated 
replications. The variability of the unidimensional theta estimates is discussed in terms of 
standard deviations of the unidimensional theta estimates across forms and within subgroups and 
also in terms of the means of the standard errors of unidimensional theta estimates across forms 
and within subgroups for the       replications. 
  
77 
 
Clear trends were present within subgroups of the population across balanced forms and 
unbalanced forms, but due to the confounding of difficulty and the number of items on 
unbalanced forms, the attribution of effects could not be distinguished between variables. As a 
result, an additional set of 12 conditions were analyzed to create a completely crossed design 
between difficulty and number of items within sub-content areas. These are presented in the post 
hoc section. 
Unidimensional Parameter Estimates 
 Each test form was composed of two subsets of items primarily measuring one of two 
dimensions. All forms contained 40 items; the first set of items primarily measured the first 
dimension (             ) and the second set of items primarily measured the second 
dimension (             ). On forms 1 through 12 and 37 through 48, 20 items were in 
each set of items. Forms 13 through 24 and 49 through 60 were slightly unbalanced with 25 
easier items primarily measuring one of the two dimensions and 15 harder items primarily 
measuring the other dimension. On the remaining forms 25 through 35 and 61 through 72, 30 
easy items primarily measured one dimension and 10 difficult items primarily measured the 
other dimension. In all unbalanced forms, the larger set of items had a lower difficulty level; no 
forms existed in which the larger set of items had a higher difficulty level. Overall, each form 
was designed to have an average difficulty of zero. Items were estimated for half of the forms 
with the guessing parameter set to  ; the other forms, with identical discrimination and difficulty 
parameters as the initial forms, included a guessing parameter set to   . 
 Parameters were estimated using methods of marginal maximum likelihood [MML], with 
the expectation-maximization [EM] and the Newton-Gauss [NG] algorithms. Across the 1,000 
replicated datasets of item response data, the estimated unidimensional discrimination, difficulty, 
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and guessing (where applicable) were averaged within the first and second sets of items. Tables 8 
and 9 report the mean estimated item parameters for the 2PL and 3PL forms, respectively. 
Table 8 
Mean Estimated Item Parameters for Datasets Using a 2PL Model 
 First Set of Items  Second Set of Items  All Items 
Form  a  ̂  ̂   a  ̂  ̂   ̂  ̂ 
1 20 1.165 -1.023  20 1.192 1.033  1.179 0.005 
2 20 0.910 -0.691  20 1.429 0.431  1.170 -0.130 
3 20 0.896 -0.235  20 1.425 0.072  1.160 -0.081 
4 20 0.955 0.099  20 1.360 -0.119  1.158 -0.010 
5 20 1.239 0.454  20 1.094 -0.623  1.167 -0.085 
6 20 1.236 0.959  20 1.144 -1.098  1.190 -0.070 
7 20 1.323 -0.751  20 1.017 1.073  1.170 0.161 
8 20 0.895 -0.639  20 1.429 0.389  1.162 -0.125 
9 20 0.863 -0.210  20 1.443 -0.037  1.153 -0.124 
10 20 0.912 0.109  20 1.395 -0.052  1.154 0.028 
11 20 1.216 0.534  20 1.106 -0.666  1.161 -0.066 
12 20 1.079 1.193  20 1.288 -1.010  1.184 0.092 
13 25 1.636 -0.834  15 0.613 2.516  1.125 0.841 
14 25 1.660 -0.487  15 0.547 1.648  1.103 0.581 
15 25 1.667 -0.108  15 0.506 0.491  1.087 0.192 
16 15 0.500 0.186  25 1.698 -0.103  1.099 0.041 
17 15 0.517 0.976  25 1.695 -0.321  1.106 0.328 
18 15 0.523 2.015  25 1.695 -0.457  1.109 0.779 
19 25 1.646 -0.801  15 0.573 3.036  1.109 1.118 
20 25 1.656 -0.440  15 0.530 1.343  1.093 0.451 
21 25 1.658 -0.165  15 0.505 0.460  1.082 0.147 
22 15 0.492 0.335  25 1.692 -0.108  1.092 0.113 
23 15 0.499 0.828  25 1.695 -0.240  1.097 0.294 
24 15 0.529 2.260  25 1.685 -0.570  1.107 0.845 
a
 The variable   indicates the number of items within that set of items. 
(table continues) 
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Table 8 (cont.) 
 First Set of Items  Second Set of Items  All Items 
Form  a  ̂  ̂   a  ̂  ̂   ̂  ̂ 
25 30 1.641 -0.744  10 0.419 6.352  1.030 2.804 
26 30 1.664 -0.494  10 0.394 3.160  1.029 1.333 
27 30 1.677 -0.182  10 0.375 0.655  1.026 0.236 
28 10 0.374 0.528  30 1.707 -0.020  1.040 0.254 
29 10 0.375 1.272  30 1.706 -0.145  1.040 0.563 
30 10 0.381 2.636  30 1.700 -0.342  1.041 1.147 
31 30 1.639 -0.801  10 0.422 5.570  1.031 2.385 
32 30 1.674 -0.299  10 0.376 3.668  1.025 1.684 
33 30 1.677 -0.101  10 0.370 0.844  1.024 0.372 
34 10 0.373 0.038  30 1.705 0.057  1.039 0.047 
35 10 0.373 1.640  30 1.705 -0.163  1.039 0.739 
36 10 0.376 2.908  30 1.700 -0.338  1.038 1.285 
a
 The variable   indicates the number of items within that set of items.
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Table 9 
Mean Estimated Item Parameters for Datasets Using a 3PL Model 
 First Set of Items  Second Set of Items  All Items 
Form  a  ̂  ̂  ̂   
a
  ̂  ̂  ̂   ̂  ̂  ̂ 
37 20 1.516 -0.828 .240  20 4.733 1.342 .349  3.125 0.257 .295 
38 20 1.404 -0.575 .181  20 5.730 1.180 .426  3.567 0.303 .304 
39 20 1.288 -0.296 .150  20 4.034 1.032 .481  2.661 0.368 .316 
40 20 4.338 1.058 .482  20 1.286 -0.256 .145  2.812 0.401 .313 
41 20 5.783 1.173 .428  20 1.427 -0.581 .179  3.605 0.296 .303 
42 20 4.845 1.303 .353  20 1.519 -0.881 .239  3.182 0.211 .296 
43 20 1.505 -0.679 .223  20 4.799 1.359 .364  3.152 0.340 .293 
44 20 1.387 -0.524 .184  20 5.221 1.170 .439  3.304 0.323 .311 
45 20 1.199 -0.278 .150  20 2.868 0.832 .467  2.034 0.277 .309 
46 20 4.002 1.027 .472  20 1.259 -0.195 .145  2.630 0.416 .308 
47 20 5.218 1.199 .420  20 1.428 -0.597 .192  3.323 0.301 .306 
48 20 4.483 1.389 .344  20 1.548 -0.851 .249  3.016 0.269 .296 
49 25 1.801 -0.668 .284  15 3.398 1.970 .323  2.599 0.651 .303 
50 25 1.642 -0.439 .228  15 4.991 1.457 .384  3.317 0.509 .306 
51 25 1.563 -0.142 .192  15 3.612 1.393 .480  2.587 0.626 .336 
52 15 2.185 1.355 .493  25 1.635 -0.119 .198  1.910 0.618 .346 
53 15 5.443 1.370 .445  25 1.601 -0.334 .203  3.522 0.518 .324 
54 15 4.132 1.799 .380  25 1.755 -0.397 .233  2.944 0.701 .306 
a
 The variable   indicates the number of items within that set of items. 
(table continues) 
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Table 9 (cont.) 
 First Set of Items  Second Set of Items  All Items 
Form  a  ̂  ̂  ̂   
a
  ̂  ̂  ̂   ̂  ̂  ̂ 
55 25 1.811 -0.626 .288  15 3.387 2.106 .308  2.599 0.740 .298 
56 25 1.609 -0.409 .223  15 4.979 1.417 .413  3.294 0.504 .318 
57 25 1.539 -0.178 .199  15 3.670 1.234 .470  2.605 0.528 .335 
58 15 2.866 1.205 .474  25 1.574 -0.113 .200  2.220 0.546 .337 
59 15 3.755 1.360 .452  25 1.604 -0.243 .205  2.680 0.558 .329 
60 15 4.021 1.904 .367  25 1.787 -0.470 .252  2.904 0.717 .310 
62 30 1.809 -0.373 .255  10 4.212 1.988 .363  3.010 0.807 .309 
63 30 1.745 -0.127 .226  10 2.127 1.779 .492  1.936 0.826 .359 
64 10 1.777 1.863 .493  30 1.729 0.003 .212  1.753 0.933 .352 
65 10 3.750 1.811 .476  30 1.744 -0.112 .218  2.747 0.850 .347 
66 10 4.316 1.943 .396  30 1.799 -0.266 .237  3.058 0.839 .316 
68 30 1.774 -0.211 .240  10 3.886 2.083 .349  2.830 0.936 .295 
69 30 1.731 -0.050 .223  10 1.962 1.842 .474  1.846 0.896 .349 
70 10 0.783 1.617 .454  30 1.730 0.086 .213  1.256 0.851 .334 
71 10 3.700 1.855 .452  30 1.752 -0.114 .225  2.726 0.871 .338 
72 10 3.948 2.005 .389  30 1.804 -0.253 .240  2.876 0.876 .314 
a
 The variable   indicates the number of items within that set of items.
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2PL forms. Forms 1 through 36 were simulated using a two-dimensional 3PL IRT model 
(Reckase, 1985) with the guessing parameter set to   and estimated using a 2PL unidimensional 
IRT model (Hambleton & Swaminathan, 1985). The average estimated discrimination of all 
items was consistent across the test forms, ranging from       on form 33 to 1.190 on form 6, 
however the average estimate differed considerably within each set of items and are presented in 
greater detail below. The average difficulty of all test forms was intended to be zero; on balanced 
test forms, the unidimensional difficulty estimate for the entire set of items was close to  , 
ranging from        on form 8 to       on form 7. As the true difficulty levels on each 
dimension became more distinct and as the number of items primarily measuring each 
dimensions became more unbalanced, the total test difficulty increased, resulting in test forms 
with an average difficulty as high as       on form 25. 
Forms 1 through 12 had an equal number of items primarily measuring the first and 
second dimensions. The estimated discrimination within sets of items varied but did not display a 
clear trend of a higher estimated discrimination on the easier or harder sets of items. The 
estimated unidimensional difficulty values of the first and the second sets of 20 items were slight 
underestimations of the true unidimensional difficulty value on that set of items on the first six 
forms which had a smaller range of difficulty for each set of items; this resulted in test forms 
which had an overall difficulty slightly less than     . The estimated difficulty values on the 
second six forms were less accurate. Form 7 had a more difficult first set of items than the 
intended      difficulty level ( ̂        ) and a more difficult second set of items than the 
intended     ( ̂       ); overall this form was estimated as being harder than any other 
balanced form with an overall difficulty of      , rather than zero. 
The remaining forms were unbalanced. Items were estimated as being more 
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discriminating on the larger sets of easier items than on the smaller sets of difficult items. Due to 
the association of the larger sets of items with the easier level of difficulty, the reasoning for the 
inflated discrimination could not be distinguished between these two factors; further 
investigation was therefore made in the post hoc section of the results.  
The estimated difficulty on unbalanced forms was consistently an overestimate of the true 
difficulty for the dimension on which items were primarily measuring; the difficult items were 
overestimated to a larger degree than were the easier items. For instance, on form 13 with 25 
items primarily measuring the first dimension and 15 items measuring the second dimension, the 
mean true difficulty on the first dimension was     , and the average estimated difficulty for the 
first set of items was       ; the true difficulty on the second dimension was centered around 
     , and the average estimated difficulty on the second set of items was      . When the 
difficulty on each dimension was not as distinct, i.e. form 15 with true average difficulties on the 
first and second dimensions of     and     , respectively, the average estimated difficulty on 
the corresponding sets of items were        and      , respectively, and were closer to the true 
values. As a result, the total test difficulty of the unbalanced forms was consistently more 
difficult than intended. 
As the number of items primarily measuring each dimension became more unbalanced, 
the severity of the overestimation of the difficulty parameter became more extreme. On form 25 
which had 30 items measuring the first dimension with a true difficulty centered around      
and 10 items measuring the second dimension with a mean true difficulty of    , the average 
estimated difficulty for the first and second sets of items were        and      , respectively. 
This was the most extreme multidimensional to unidimensional difference in estimation. 
3PL forms. Forms 1 through 36 each had a corresponding test form with the same true 
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discrimination and difficulty parameters on each item and the same number of items within each 
set; additionally, these forms included a guessing parameter on each item (    ). The mean 
estimated value of the guessing parameter for all items on each form ranged from      on form 
43 to      on form 63 and differed within each set of items. The estimated value of the guessing 
parameter was consistently lower on the easier set of items, between      on form 46 and      
on form 60 and higher on the difficult set of items, between      on form 55 and      on forms 
52 and 64. The value of the guessing parameter was consistently of higher magnitude on the 
smaller set of difficult items, and tended to be larger on that set of items when the difficulty on 
each dimension was very similar and decreased as the difficulty on each dimension became more 
distinct. The magnitude of the number of items measuring each dimension had little effect on the 
estimated guessing. 
The inclusion of a guessing parameter highly influenced the estimations of the difficulty 
and the discrimination parameters for the items as a whole, with the average discrimination 
ranging from       on form 70 to       on form 41. For both the balanced and unbalanced 
forms, the unidimensional estimated discrimination was higher for the difficult set of items than 
for the easier set of items, different from the trend reported for the 2PL unbalanced cases where 
discrimination was related to the number of items rather than difficulty. 
On balanced forms, the average discrimination on the easier sets of items was       and 
was       on the difficult set of items. On test forms which had an unbalanced number of items 
in each set, the average discrimination on the larger sets of 25 easy items was      , and the 
average discrimination on the smaller sets of 15 hard items was      . For the very unbalanced 
forms, the average discrimination for the larger set of 30 easier items and the smaller set of 10 
more difficult items were       and      , respectively. Again, results of the unbalanced cases 
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could not be attributed to either the difficulty or the number of items within sub-content areas; 
the post hoc forms discussed below provide more clarification of these effects. The amount of 
overlap of the difficulty values on each dimension had little effect on the estimation of 
discrimination in the 3PL model cases. 
The inclusion of the guessing parameter reduced the variability of the total test difficulty 
across all forms, but all were more difficult than the intended zero. The mean total test difficulty 
across all test forms with an estimated guessing parameter ranged from      on form 42 to .936 
on form 68, increasing as forms became more unbalanced. On balanced forms, the estimation of 
the difficulty parameter on the easier set of items tended to be a small overestimation of the true 
difficulty ( ( ̂)         on the first set of items of form 37 where average true difficulty was 
    ) and a small underestimate when true difficulty was slightly below zero ( ( ̂)         
on the first set of items on form 39 and true difficulty on the first dimension was     ). The 
estimation of the difficulty parameter on the difficult set of items was consistently an 
overestimation of the true difficulty value on that dimension. For instance on form 37 the second 
set of items had an estimated difficulty of      , an overestimate of the true       on the 
second dimension, and on form 39 the second set of items had an estimated difficulty of      , a 
more extreme overestimate of the true       on the second dimension. 
As the number of items primarily measuring each dimension became more unbalanced, 
the difficulty level of the difficult sets containing fewer items was more of an overestimate than 
they were in the balanced cases; the difficulty level of the easier sets containing more items was 
an overestimate when true difficulty was very low and an underestimate when true difficulty was 
slightly below zero. For instance on form 54, the difficulty of the first set of 15 items with a true 
difficulty of       on the first dimension had an estimated difficulty of      ; the difficulty of 
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the second set of 25 items with a true difficulty of        on the second dimension had an 
estimated difficulty of       . On form 66 which had a true difficulty on the first dimension of 
    and a true difficulty on the second dimension of       , the estimated difficulty for the 
corresponding first set of 10 items and the second set of 30 items was       and       , 
respectively. 
Forms 61 and 67 were designed to have 30 items primarily measuring the first dimension, 
with         and       . Form 61 had a range of one on the multidimensional difficulty, 
while form 67 had a range of two. These forms were the most extreme cases in terms of the level 
of difficulty on one of the dimensions. For these two datasets, the item parameters were unable to 
be estimated; the MMLE estimation procedure failed to converge. Therefore, these two forms are 
not included in the remaining summary of the results. 
Means of Unidimensional Theta Estimates 
 Unidimensional theta estimations within each subgroup and across the 72 forms exhibited 
strong trends when difficulty was confounded with dimensions to differing degrees. Figures 5 
and 6 are line graphs of the unidimensional theta estimates for each subgroup across forms 1-36, 
which used the 2PL model, and forms 37-72, which used the 3PL model. Across sets of 2PL and 
3PL forms, the overall variability of unidimensional theta estimates across all groups decreased 
as the forms become more unbalanced and more unidimensional. Within specific subgroups, 
more variability is apparent, due to the increased influence of sets of items having more or less 
items.  
The means and standard deviations of the unidimensional theta estimates across the 1000 
replications are reported in greater detail in the sections below for those subgroups which had 
equal ability across the two dimensions (subgroups 1, 5, and 9), subgroups whose average of true 
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abilities was      with a true ability of    on one dimension and    on the other dimension 
(subgroups 3 and 5), and subgroups whose average of true abilities across the two dimensions 
was       (subgroups 2, 4, 6, and 7).
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Figure 5. Line graph of the mean unidimensional theta estimates for the nine subgroups across the 2PL forms, 1 to 36. 
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Figure 6. Line graph of the mean unidimensional theta estimates for the nine subgroups across the 3PL forms, 37 to 72. 
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Subgroups having equal ability across dimensions. Subgroups 1, 5, and 9 had an equal 
ability across the two dimensions of      and   , respectively. It was hypothesized that these 
groups would have similar theta estimates equal to their respective true abilities across all forms, 
regardless of the difficulty levels within sub-content, the sub-content lengths, or the presence of 
the guessing parameter. This hypothesis was supported for subgroup 5 whose average 
unidimensional theta estimate across all forms for the 2PL and 3PL models was close to the true 
ability of zero. Unidimensional theta estimates of subgroup 1 tended to be an underestimate of 
the true ability of         , close to      when the 2PL model was applied and      when 
the 3PL model was applied. Similarly for subgroup 9, unidimensional theta estimates tended to 
be an overestimate of the true ability        , close to     and     when the 2- and 3PL 
models were applied, respectively. Table 10 reports the means and standard deviations of the 
average unidimensional theta estimates within each of these subgroups across all forms. 
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Table 10 
Means and Standard Deviations of Unidimensional Theta Estimates Across 1,000 Replications for Subgroups 1, 5, and 9 
 2PL (Forms 1-36)  3PL (Forms 37-72) 
 Subgroup  Subgroup 
Form 1 5 9 Form 1 5 9 
1 -1.414 (0.617) 0.002 (0.573) 1.365 (0.594) 37 -1.167 (0.625) 0.076 (0.614) 1.231 (0.445) 
2 -1.517 (0.595) 0.009 (0.597) 1.366 (0.541) 38 -1.153 (0.559) 0.055 (0.656) 1.269 (0.400) 
3 -1.503 (0.560) 0.013 (0.609) 1.420 (0.530) 39 -1.136 (0.500) 0.039 (0.684) 1.357 (0.445) 
4 -1.485 (0.545) 0.009 (0.611) 1.444 (0.531) 40 -1.150 (0.476) 0.024 (0.698) 1.345 (0.424) 
5 -1.491 (0.565) 0.022 (0.611) 1.396 (0.531) 41 -1.178 (0.540) 0.061 (0.662) 1.254 (0.385) 
6 -1.428 (0.607) 0.022 (0.587) 1.325 (0.567) 42 -1.195 (0.613) 0.089 (0.617) 1.206 (0.420) 
7 -1.385 (0.584) -0.004 (0.581) 1.425 (0.604) 43 -1.153 (0.592) 0.058 (0.630) 1.257 (0.448) 
8 -1.514 (0.593) 0.010 (0.599) 1.371 (0.540) 44 -1.146 (0.557) 0.055 (0.656) 1.290 (0.422) 
9 -1.488 (0.566) 0.021 (0.605) 1.422 (0.533) 45 -1.189 (0.497) 0.054 (0.677) 1.371 (0.453) 
10 -1.483 (0.546) 0.004 (0.609) 1.438 (0.537) 46 -1.163 (0.474) 0.020 (0.695) 1.354 (0.432) 
11 -1.482 (0.567) 0.018 (0.608) 1.392 (0.535) 47 -1.173 (0.550) 0.064 (0.653) 1.263 (0.408) 
12 -1.380 (0.585) 0.018 (0.584) 1.362 (0.589) 48 -1.188 (0.611) 0.083 (0.617) 1.214 (0.441) 
13 -1.213 (0.577) 0.018 (0.571) 1.363 (0.675) 49 -1.141 (0.584) 0.059 (0.601) 1.242 (0.638) 
14 -1.248 (0.567) 0.010 (0.584) 1.366 (0.624) 50 -1.141 (0.548) 0.045 (0.626) 1.279 (0.503) 
15 -1.313 (0.578) 0.009 (0.601) 1.308 (0.577) 51 -1.103 (0.479) -0.001 (0.654) 1.357 (0.548) 
16 -1.331 (0.562) 0.007 (0.585) 1.306 (0.568) 52 -1.136 (0.456) -0.006 (0.643) 1.375 (0.570) 
17 -1.291 (0.549) 0.008 (0.582) 1.345 (0.588) 53 -1.147 (0.499) 0.027 (0.643) 1.307 (0.486) 
18 -1.253 (0.541) 0.006 (0.575) 1.347 (0.617) 54 -1.141 (0.501) 0.020 (0.613) 1.290 (0.605) 
(table continues) 
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Table 10 (cont.) 
 2PL (Forms 1-36)  3PL (Forms 37-72) 
 Subgroup  Subgroup 
Form 1 5 9 Form 1 5 9 
19 -1.204 (0.577) 0.018 (0.577) 1.328 (0.671) 55 -1.139 (0.584) 0.056 (0.606) 1.219 (0.644) 
20 -1.262 (0.571) 0.012 (0.590) 1.350 (0.607) 56 -1.134 (0.543) 0.037 (0.631) 1.298 (0.504) 
21 -1.305 (0.581) 0.012 (0.599) 1.305 (0.575) 57 -1.125 (0.501) 0.022 (0.649) 1.358 (0.522) 
22 -1.320 (0.560) 0.005 (0.582) 1.300 (0.571) 58 -1.146 (0.479) 0.015 (0.645) 1.370 (0.534) 
23 -1.298 (0.553) 0.006 (0.582) 1.323 (0.582) 59 -1.140 (0.490) 0.019 (0.641) 1.339 (0.516) 
24 -1.244 (0.545) 0.008 (0.574) 1.341 (0.621) 60 -1.144 (0.522) 0.026 (0.604) 1.273 (0.622) 
25 -1.186 (0.576) 0.055 (0.607) 1.134 (0.520) 61       
26 -1.200 (0.560) 0.028 (0.595) 1.213 (0.551) 62 -1.120 (0.484) 0.039 (0.610) 1.219 (0.626) 
27 -1.229 (0.558) 0.020 (0.599) 1.205 (0.539) 63 -1.125 (0.446) 0.009 (0.633) 1.265 (0.606) 
28 -1.248 (0.527) 0.000 (0.579) 1.211 (0.541) 64 -1.122 (0.459) -0.026 (0.629) 1.265 (0.607) 
29 -1.237 (0.527) 0.005 (0.579) 1.218 (0.541) 65 -1.144 (0.489) -0.011 (0.619) 1.277 (0.620) 
30 -1.220 (0.530) 0.015 (0.578) 1.219 (0.542) 66 -1.136 (0.533) 0.015 (0.606) 1.241 (0.616) 
31 -1.188 (0.581) 0.051 (0.604) 1.155 (0.533) 67       
32 -1.190 (0.550) 0.017 (0.593) 1.190 (0.550) 68 -1.120 (0.486) 0.021 (0.619) 1.211 (0.622) 
33 -1.225 (0.555) 0.013 (0.597) 1.196 (0.542) 69 -1.171 (0.461) 0.000 (0.633) 1.249 (0.611) 
34 -1.252 (0.532) -0.001 (0.578) 1.200 (0.542) 70 -1.127 (0.477) -0.028 (0.629) 1.219 (0.581) 
35 -1.228 (0.530) 0.003 (0.575) 1.213 (0.546) 71 -1.145 (0.496) -0.007 (0.610) 1.265 (0.624) 
36 -1.217 (0.531) 0.014 (0.577) 1.208 (0.541) 72 -1.120 (0.513) 0.015 (0.605) 1.231 (0.614) 
Total -1.319 (0.562) 0.013 (0.590) 1.307 (0.567)  -1.146 (0.518) 0.030 (0.636) 1.281 (0.528) 
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2PL forms. Subgroup 5 had extremely consistent estimates equal to the true ability of   
when the guessing parameter was not considered in the estimations. Unidimensional theta 
estimates for subgroups 1 ranged from        to      , and estimates of subgroup 9 ranged 
from       to      . Unidimensional theta estimates were consistently an overestimate of the 
true ability for subgroup 9 and an underestimate for subgroup 1, and were closer to the true 
ability as the number of items primarily measuring each dimension became more unbalanced. 
For subgroups 1 and 9, the unidimensional theta estimates across forms was closer to the 
true theta when the difficulty level of items were in a similar range of actual ability on one 
dimension. When the difficulty level of items on both dimensions were not in the range of the 
true theta, estimated ability of subgroup 1 was more of an underestimate, and estimates of 
subgroup 9 were more of an overestimate. Unidimensional theta estimates for subgroup 1 
(        ) were higher when the difficulty of the items on one dimension was similar to   
(      ) and lower when the difficulty of items on dimensions was not similar to and greater 
than   (      ). For instance, on form 1, which had difficulty levels on the first dimension 
similar to the true abilities of subgroup 1 and an equal number of items primarily measuring each 
dimension, the unidimensional theta estimate was  ̂             ; on form 3 which had 
difficulty levels on each dimension that were dissimilar to and greater than the true ability, the 
average unidimensional theta estimate was  ̂             . For subgroup 9 (        ) 
on balanced, 2PL forms,  ̂ was higher when the difficulty levels on each dimension were 
moderate and below the true abilities ( ̂            ) and lower when the difficulty levels 
were distinct and true ability exceeded the difficulty level of only one dimension ( ̂       
     ). Overall, if true ability levels were below the difficulty level of items on both dimensions, 
estimated thetas were the lowest. Estimated thetas were slightly higher if true ability was at or 
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above the item difficulty level on one dimension. Estimated thetas were the highest when true 
abilities were higher than the item difficulty level of both dimensions. 
Unidimensional theta estimates of subgroups 1 and 9 progressed closer to the true ability 
and became more consistent across sets of items as the number of items within each set became 
more unbalanced. For instance, unidimensional theta estimates of subgroup 1 across forms 31 
through 36 were close to     , and unidimensional theta estimates of subgroup 9 across those 
forms were close to     . 
3PL forms. Unidimensional theta estimates were more consistent across all 3PL forms, 
regardless of the number of items within each set, when guessing was included in the model. For 
subgroup 5 (       ) the estimated ability was closest to zero on forms having very similar 
difficulty levels on each dimension, ranging from        on form 70 to       on form 39. The 
estimate tended to increase as the difficulty within each sub-content area became more distinct, 
had a smaller range, and had a more balanced number of items primarily measuring each 
dimension. The largest estimate for the subgroup was on form 42 ( ̂       ), which had the 
most distinct difficulty levels on each dimension with the smallest range and had a balanced 
number of items primarily measuring each dimension. 
The unidimensional estimates of subgroup 1 (           ) were very consistent 
across all forms, ranging from        on form 51 to        on form 42. The estimates from 
the 3PL model were not as extreme of an underestimate as those from the 2PL model. The 
effects of the distinction of difficulty, range of difficulty, and number of items primarily 
measuring each dimension were negligible. 
The average unidimensional theta estimates for subgroup 9 (         ) were 
consistently an overestimate of the true ability, but not as considerable as those from the 2PL 
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models. On forms which had an equal number of items primarily measuring each dimension, 
ability estimates were lowest when the difficulty levels on the two dimensions were most distinct 
and true ability only met the estimated difficulty level of one dimension ( ̂             ); the 
estimate increased as difficulty became more similar and true ability exceeded the estimated 
difficulty levels on both dimensions ( ̂             ). This effect weakened as the number of 
items primarily measuring each dimension became more unbalanced. 
Subgroups having unequal ability across dimensions ( ̅      ). Subgroups 3 and 7 
had mean true abilities on each dimension of             and             
respectively. The average ability across dimensions for both groups was  ̅      . When true 
ability on each dimension was at opposite ends of the ability scale, unidimensional theta 
estimates varied across multiple forms having dissimilar ability within sub-content area and 
equal overall test difficulty. Table 11 reports the means and standard deviations of the 
unidimensional theta estimates of these subgroups across all forms. 
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Table 11 
Means and Standard Deviations of Unidimensional Theta Estimates for Subgroups 3 and 7 
 2PL  3PL 
 Subgroup  Subgroup 
Form 3 7 Form 3 7 
1 0.023 (0.758) 0.001 (0.259) 37 -0.734 (0.917) 0.434 (0.256) 
2 0.282 (0.560) -0.183 (0.330) 38 -0.750 (0.863) 0.431 (0.269) 
3 0.243 (0.455) -0.222 (0.414) 39 -0.695 (0.815) 0.330 (0.305) 
4 0.170 (0.410) -0.178 (0.487) 40 0.371 (0.304) -0.709 (0.794) 
5 -0.064 (0.316) 0.091 (0.612) 41 0.435 (0.253) -0.749 (0.866) 
6 -0.038 (0.246) 0.083 (0.783) 42 0.414 (0.236) -0.709 (0.948) 
7 -0.183 (0.689) 0.126 (0.291) 43 -0.772 (0.850) 0.467 (0.274) 
8 0.288 (0.546) -0.201 (0.354) 44 -0.739 (0.862) 0.399 (0.275) 
9 0.254 (0.437) -0.269 (0.442) 45 -0.540 (0.870) 0.207 (0.339) 
10 0.218 (0.415) -0.208 (0.473) 46 0.354 (0.323) -0.672 (0.792) 
11 -0.048 (0.319) 0.078 (0.631) 47 0.409 (0.257) -0.736 (0.876) 
12 0.071 (0.254) -0.116 (0.793) 48 0.439 (0.249) -0.734 (0.911) 
13 -0.709 (0.633) 0.516 (0.339) 49 -0.861 (0.661) 0.637 (0.349) 
14 -0.693 (0.554) 0.562 (0.381) 50 -0.875 (0.662) 0.609 (0.317) 
15 -0.647 (0.475) 0.628 (0.443) 51 -0.858 (0.585) 0.589 (0.361) 
16 0.631 (0.428) -0.648 (0.481) 52 0.566 (0.366) -0.822 (0.590) 
17 0.590 (0.390) -0.674 (0.527) 53 0.602 (0.309) -0.868 (0.647) 
18 0.600 (0.374) -0.710 (0.568) 54 0.665 (0.351) -0.870 (0.619) 
19 -0.744 (0.617) 0.587 (0.370) 55 -0.869 (0.641) 0.684 (0.377) 
20 -0.686 (0.542) 0.576 (0.402) 56 -0.870 (0.655) 0.590 (0.321) 
21 -0.655 (0.492) 0.622 (0.449) 57 -0.837 (0.629) 0.533 (0.350) 
22 0.640 (0.439) -0.655 (0.495) 58 0.526 (0.348) -0.815 (0.635) 
23 0.620 (0.413) -0.673 (0.517) 59 0.573 (0.327) -0.852 (0.637) 
24 0.598 (0.377) -0.715 (0.590) 60 0.672 (0.360) -0.863 (0.626) 
25 -0.874 (0.592) 0.823 (0.466) 61     
26 -0.832 (0.561) 0.769 (0.453) 62 -0.894 (0.589) 0.759 (0.407) 
27 -0.796 (0.515) 0.774 (0.480) 63 -0.877 (0.555) 0.726 (0.427) 
28 0.793 (0.478) -0.779 (0.503) 64 0.755 (0.444) -0.862 (0.537) 
29 0.785 (0.465) -0.793 (0.522) 65 0.750 (0.406) -0.888 (0.550) 
30 0.780 (0.450) -0.817 (0.551) 66 0.767 (0.402) -0.890 (0.576) 
(table continues) 
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Table 11 (cont.) 
 2PL  3PL 
 Subgroup  Subgroup 
Form 3 7 Form 3 7 
31 -0.863 (0.596) 0.799 (0.457) 67     
32 -0.835 (0.547) 0.810 (0.484) 68 -0.896 (0.570) 0.793 (0.441) 
33 -0.793 (0.512) 0.791 (0.495) 69 -0.866 (0.549) 0.750 (0.454) 
34 0.803 (0.494) -0.776 (0.499) 70 0.788 (0.504) -0.803 (0.518) 
35 0.790 (0.473) -0.797 (0.531) 71 0.756 (0.418) -0.881 (0.560) 
36 0.792 (0.460) -0.822 (0.553) 72 0.771 (0.410) -0.887 (0.579) 
Total 0.014 (0.480) -0.045 (0.484)  -0.068 (0.516) -0.167 (0.523) 
 
 Balanced forms. 
2PL forms. The ranges of average unidimensional ability estimates were       and       
for subgroups 3 and 7, respectively, across balanced, 2PL forms. For both subgroups, 
unidimensional theta estimates were above the mean true ability on some forms and below the 
true ability on other forms, as shown in Figure 7. 
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Figure 7. Boxplots of ability estimates for subgroups 3 and 7 across the 2PL balanced forms. 
For subgroup 3, true ability was below the average unidimensional difficulty level on the 
first dimension and above the average unidimensional difficulty level on the second dimension 
for all balanced, 2PL forms. On forms 1 and 7, the true ability on each dimension was almost 
equal to the average unidimensional difficulty level on each dimension; form 1 had accurate 
difficulty estimates and equal discrimination estimates on both sets of items, but form 7 had an 
estimated difficulty on the first set of items slightly harder than intended ( ̂        rather than 
the specified        on the first set of items) and a higher estimated discrimination on the first 
set of items as compared to the second set of items. On form 1 the unidimensional ability 
estimate was  ̂            , very close to  ̅      . On form 7, the unidimensional ability 
Subgroup 3          Subgroup 7 
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estimate was the lowest across all forms, lower than  ̅, at  ̂             . 
The theta estimate for subgroup 3 increased to the highest unidimensional ability estimate 
across all 2PL forms on forms 2 and 8, where true ability on the first dimension was slightly 
below the average unidimensional difficulty level for this first set of easy items and true ability 
on the second dimension was slightly above the average unidimensional difficulty level for the 
second set of difficult items. The average estimated difficulty of these sets of items was accurate, 
but the discrimination on the second set of items was higher than those of the first, resulting in 
the true ability on the second dimension (    ) to have a larger impact on the unidimensional 
theta estimate ( ̂             and  ̂            ). 
A small decrease in estimates was displayed on the following forms 3 and 9 where true 
ability on the first dimension was farther below the average difficulty level on this easier set of 
items and true ability on the second dimension was farther above the difficulty level with the 
harder set of items. Again, the average estimated difficulty of each set of items was close to the 
true difficulty on the dimension for items primarily measuring that dimension, and the estimated 
discrimination was higher for the second set of slightly more difficult items. The impact of the 
higher discrimination on the second set of items resulted in the unidimensional theta estimate to 
be weighted more by the true ability for subgroup 3 on the second dimension ( ̂             
and  ̂            ). 
Test forms 4 and 10 had a slightly higher difficulty level above zero on the first set of 
items which primarily measured the first dimension and a difficulty level slightly below zero on 
the second set of items primarily measuring the second dimension. The unidimensional theta 
estimate decreased from those on the previous forms, but remained above the average of the true 
abilities. The average estimated difficulties of the two sets of items were as specified, but the 
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discrimination value for the second set of items remained higher. 
On forms 5 and 11, the estimated discrimination value for the first set of items was higher 
than the estimated discrimination for the second set of items. This resulted in a unidimensional 
theta estimate below zero on both forms ( ̂              and  ̂              ). On form 
6, which had accurate estimated difficulty levels on the first and second dimension of     and 
     and a slightly higher estimated discrimination on the first set of items, the unidimensional 
theta estimate increased slightly, yet remained below zero at  ̂             . On form 12, 
having the same difficulty as form 6 and a slightly higher estimated discrimination on the second 
set of items rather than the first, the unidimensional theta estimate to slightly above zero 
( ̂             ). 
The following dominating trends seen from the unidimensional theta estimates of 
subgroup 3 across forms 1 through 12 were as follows: when the average estimated 
discriminations on the two sets of items were equal, the unidimensional theta estimate was close 
to the average of true abilities; when the average estimated discriminations were unequal, the 
unidimensional theta estimate was above the average of true abilities when the items 
discriminated more on the second dimension where examinees had the higher true ability, and 
the unidimensional theta estimate was below the average of true abilities when the items 
discriminated more on the first dimension where examinees had a lower true ability. The 
unidimensional theta estimates tended to decrease as the difficulty level on each set of items 
became more misaligned with the true ability. 
The most variability of subgroup 3, as measured by the standard deviation of the 
unidimensional theta estimates across the       replications, was observed on forms 1 and 7 
when true ability on each dimension was in alignment with the difficulty level on each 
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dimension. Standard deviations of the unidimensional ability estimates decreased on consecutive 
forms as true ability on each dimension progressed further from the difficulty levels on each 
dimension. The box-and-whisker plots in Figure 7 display this tendency. The smallest variability 
in the unidimensional ability estimates for subgroup 3 was displayed on forms 6 and 12, when 
true ability on each dimension was dissimilar to the difficulty level on each dimension. This 
trend was opposite from the tendencies of test information and standard errors reported by 
Ackerman (1987a) and Reckase et al. (1986), though comparisons should be made with caution 
in this situation. The reported multidimensional standard errors by the aforementioned authors 
were based on the true item parameters and multidimensional ability, whereas this variability is 
related to the standard deviations of the estimated unidimensional ability estimates across 
replications. Unidimensional estimates tended to be higher on a form with a larger range of 
difficulty than on a form with more similar, homogeneous mean difficulty levels, except for the 
case of the lowest unidimensional ability estimates on forms 1 and 7. Case form 7 with a larger 
range of difficulty resulted in a lower estimate than did form 1 with a smaller range of difficulty. 
Subgroup 7 (          ) displayed a similar trend. On form 1 the difficulty on each 
dimension was at the opposite end of true ability on each dimension with a small range in item 
difficulty; the estimated discrimination on the two sets of items was equal; and the 
unidimensional ability average estimate was very close to  ̅       ( ̂            ). On form 
7, the range of difficulty was large; the estimated discrimination was higher for the first set of 
easy items; and the unidimensional ability estimate was the highest across all forms, greater than 
 ̅, at  ̂            . Theta estimates decreased below  ̅ on forms 2 and 8 where the estimated 
discrimination on the second set of items, which measured the dimension where examinees had a 
lower true ability, had a higher value of discrimination than on the first set. Theta estimates were 
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even lower on forms 3 and 9, where the true ability on the first dimension was  , above the 
unidimensional difficulty level on the first dimension for the first set of easy items, and true 
ability on the second dimension was   , below the unidimensional difficulty level on the second 
dimension of difficult items which also had higher discrimination values. On these forms, the 
lowest unidimensional estimates of  ̂              and  ̂              were displayed. 
True ability on each dimension better aligned with the difficulty level on each dimension 
for subgroup 7 on forms 4, 5, and 6 and forms 10, 11, and 12. Unidimensional ability estimates 
remained below the average of true abilities on test forms 4 and 10, when the estimated 
discrimination was still higher on the second set of difficult items as compared to the first set of 
easier items. The ability estimate increased to values above the average on forms 5 and 11 where 
the estimated discrimination was then higher on the first set of items ( ̂             and 
 ̂             ). On form 6, the discrimination on the first set of items was higher than that of 
the second set of items almost equal to its value on form 5, and the unidimensional ability 
estimate was similar to the estimate of form 5 at  ̂            . On form 12, the estimated 
discrimination on the second set of difficult items was higher than that of the first set of easy 
items, and the unidimensional theta estimated decreased below  ̅ to  ̂              . 
Subgroup 7 had an almost equal average theta estimate on forms 2 and 4 and on forms 8 
and 10, summarized in Table 12. Though these four forms had different true difficulty values on 
the two dimensions and different estimated difficulty values on the two sets of items, the 
estimated discrimination on the first set of items was somewhat similar on these forms, as was 
the estimated discrimination on the second set of items. This trend indicated that the estimated 
discrimination may have had a larger influence on the unidimensional theta estimate than the 
difficulty. 
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Table 12 
Summary of Estimated Item Parameters and Ability for Subgroup 7 on Selected Forms 
 First Set of Items  Second Set of Items  Subgroup 7 
Form    ̂  ̂     ̂  ̂   ̂ 
2 20 0.910 -0.691  20 1.429 0.431  -0.183 
4 20 0.955 0.099  20 1.360 -0.119  -0.178 
8 20 0.895 -0.639  20 1.429 0.389  -0.201 
10 20 0.912 0.109  20 1.395 -0.052  -0.208 
 
3PL forms. Recall that the unidimensional discrimination and difficulty estimates on 
forms which included a guessing parameter were much higher on the set of items which 
primarily measured the more difficult items. As a result, the unidimensional theta estimates for 
the corresponding balanced forms including a guessing parameter were highly influenced by 
these confounding factors. In the case of the 2PL forms, the unidimensional theta estimate was 
higher, above  ̅, on forms where the estimated discrimination was higher on the set of items 
where examinees had a higher true ability; the estimated difficulty did not have as large of an 
impact as did the inflated discrimination. The opposite trend was seen on the 3PL forms; the 
unidimensional theta estimate was more dependent upon the estimated difficulty level on each 
set of items (which had higher discrimination values), and higher when true ability was above the 
difficulty level on at least one set of items. 
Subgroup 3 (          ) had the lowest unidimensional theta estimate on forms 37 
through 39, 43, and 44, all close to      . The theta estimates increased on form 45 to 
 ̂              , where the estimated discrimination on the second set of items was not as 
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low as it was on the previously mentioned forms and the difficulty level on the second set was 
not as difficult. The highest unidimensional theta estimates were on forms 40 through 42 and 46 
through 48, close to     , where test forms had a very high estimated discrimination, difficulty, 
and guessing values on the first set of items, and examinees had a very low true ability on the 
first dimension. As the difficulty of the items on each set primarily measuring the two 
dimensions became more distinct and were more misaligned with the true ability on each 
dimension, the unidimensional theta estimate tended to increase; although true ability did not 
meet difficulty on the first dimension, guessing on the first dimension was extremely high 
(generally above    ) and true ability further exceeded the difficulty level on the second 
dimension than previous forms. 
A similar trend was seen for subgroup 7 (          ) with the 3PL estimates. The 
highest unidimensional theta estimates were recorded on forms 37 through 39 and 43 through 45 
where true ability on the first dimension was above the mean difficulty level on the first set of 
easier items and true ability on the second dimension was just below the mean difficulty level of 
the second set of difficult items. Theta estimates were lowest on successive forms as the 
difficulty became more misaligned with the true ability on each dimension; true ability on both 
dimensions was below the mean estimated difficulty levels on both sets of items; and items had a 
higher estimated discrimination on the first set of items which primarily measured the first easier 
dimension. 
 Unbalanced forms. Forms 13-36 and 49-72 were unbalanced and based on the 2PL and 
3PL models, respectively. The degree to which the forms were unbalanced were 25:15 on forms 
13-24 and 24-60 and 30:10 on forms 25-36 and 61-72. Some forms had more easy items 
primarily measuring the first dimension and fewer difficult items primarily measuring the second 
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dimension; other forms had more easy items primarily measuring the second dimension and 
fewer hard items primarily measuring the first dimension. When true ability on each dimension 
differed and the number of items primarily measuring each dimension was unequal, the 
unidimensional theta estimate was highly dependent upon the true ability on the dimension 
which had more easy items. Due to confounding of the variables in the design of the unbalanced 
forms, the reasoning of this result was not distinguished between the number of items or the 
difficulty of items; the post hoc section provides further clarification. The average difficulty on 
each dimension and the range of difficulty values had little effect. Though the estimated 
unidimensional discrimination value was higher for the larger sets of easy items in the 2PL cases 
and higher for the smaller sets of difficult items in the 3PL cases, the unidimensional theta 
estimates across 2PL and 3PL forms were consistent, indicating that the number of items in each 
set of items had a more significant impact on the estimation of the unidimensional ability than 
did the estimated discrimination. 
2PL forms. Forms 13, 14, and 15 and forms 19, 20, and 21 had 25 easy items primarily 
measuring the first dimension and 15 difficult items primarily measuring the second dimension. 
The mean unidimensional discrimination was estimated much higher on the first set of easy 
items than it was on the second set of difficult items. Examinees in subgroup 3 (         
 ) had a low ability on the first dimension and a high ability on the second dimension, which 
better aligned with the difficulty levels on each dimensions for these six forms. These examinees 
tended to score far below  ̅       and closer to the true ability on the first dimension which had 
more items at a low difficulty level primarily measuring that dimension. Unidimensional theta 
estimates were lowest when difficulty levels on each dimension were most distinct and in 
alignment with, yet below true ability on each dimension ( ̂               and  ̂        
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      ); the theta estimate increased as the difficulty levels on each dimension became more 
similar and as examinees in this subgroup were more likely to get a larger proportion of the 15 
difficult items correct and less likely to get more of the 25 easier items correct ( ̂        
       and  ̂              ). 
Forms 16, 17, and 18 and forms 22, 23, and 24 had 15 hard items primarily measuring the 
first dimension and 25 easy items primarily measuring the second dimension. The 
unidimensional discrimination parameter was estimated much higher on the second set of easy 
items than it was on the first for subgroup 3. The true ability on each dimension was in the 
opposite direction of difficulty on each dimension for these forms, and true ability on the second 
dimension exceeded the estimated difficulty levels on the second set of items. The result was a 
high unidimensional theta estimate, high above  ̅       and closer to the true ability on the 
second dimension (     ). Unidimensional theta estimates were highest on forms which had 
similar difficulty across dimensions and examinees were likely to get a large proportion of the 25 
easy items correct and less likely to get the 15 hard items correct ( ̂              and 
 ̂             ); estimates tended to decrease slightly as difficulty became more dissimilar, 
and examinees were likely to get all 25 easy items correct and none of the 15 hard items correct. 
Figure 8 displays box-and-whisker plots of the means and standard deviations of the 
unidimensional theta estimates across replications for subgroups 3 and 7 across these unbalanced 
forms. 
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Figure 8. Boxplots of ability estimates for subgroups 3 and 7 across the 2PL slightly unbalanced 
forms. 
A similar trend resulted from forms 25-36 which had 30 items primarily measuring one 
dimension and 10 items primarily measuring the other dimension. Unidimensional theta 
estimates were even closer to the true ability on the dimension which had more items primarily 
measuring that dimension than they were in the previous forms 13-14. For example, on form 25, 
which had 30 easy items primarily measuring the first dimension and 10 hard items primarily 
measuring the second dimension, the average unidimensional theta estimates for examinees in 
subgroups 3 and 7 were  ̂               and  ̂             , respectively. As was the case 
in the slightly unbalanced forms, scores tended to more strongly favor the true ability in the 
dimension which had more easy items primarily measuring that dimension ( ̂               
Subgroup 3          Subgroup 7 
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for subgroup 3 and  ̂              for subgroup 7). The range of difficulty had little effect on 
the estimates; unidimensional theta estimates on corresponding forms which had similar average 
difficulty with a larger range were in most cases within      of each other.  
3PL forms. The unidimensional theta estimates on the 3PL forms were also highly 
impacted by the number of items primarily measuring each sub-content area. On forms which 
had 25 easier items primarily measuring the first dimension (forms 49-51 and 55-57), the 
unidimensional theta estimate was closer to the true ability on the first dimension for both 
subgroups ( ̂               for subgroup 3 and       for subgroup 7). On forms which had 
25 easier items primarily measuring the second dimension (forms 52-54 and 58-60), the 
unidimensional theta estimate was closer to the true ability on the second dimension (      and 
       for subgroups 3 and 7, respectively, on form 54). On the final sets of forms which had 
30 items primarily measuring one of the dimensions, the unidimensional theta estimates for 
subgroups 3 and 7 were even closer to the true ability on the dimension which had more items 
primarily measuring that dimension. 
 Subgroups having unequal ability across dimensions ( ̅      ). Subgroups 2 and 4 
had mean abilities on each dimension of            and           respectively, and 
an average of true abilities of  ̅      ; unidimensional theta estimate means and standard 
deviations for these groups are reported in Table 13. Subgroups 6 and 8 had mean abilities on 
each dimension of            and            respectively, and an average of true 
abilities of  ̅      ; Table 14 provides summary statistics for these groups. When content was 
balanced across the two dimensions, unidimensional theta estimates of groups varied by as much 
as    , between       and       when guessing was not accounted for and       to       
when guessing was considered. On forms which had a disproportionate number of items 
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primarily measuring one of the two dimensions, unidimensional theta estimates were highly 
influenced by the dimension with more easy items, while the magnitude of the difficulty had a 
decreased effect as items became more disproportionate. The range of difficulty for the item set 
primarily measuring that dimension and the model used had little effect. 
Table 13 
Means and Standard Deviations of Unidimensional Theta Estimates of Subgroups 2 and 4 
 2PL  3PL 
 Subgroup  Subgroup 
Form 2 4 Form 2 4 
1 -0.862 (0.686) -0.487 (0.482) 37 -0.998 (0.675) -0.155 (0.564) 
2 -0.646 (0.662) -0.693 (0.518) 38 -1.003 (0.622) -0.210 (0.569) 
3 -0.554 (0.593) -0.795 (0.553) 39 -0.971 (0.600) -0.314 (0.549) 
4 -0.538 (0.555) -0.829 (0.581) 40 -0.274 (0.540) -0.998 (0.590) 
5 -0.569 (0.481) -0.806 (0.666) 41 -0.161 (0.543) -1.035 (0.632) 
6 -0.455 (0.435) -0.900 (0.723) 42 -0.108 (0.526) -1.037 (0.693) 
7 -0.900 (0.626) -0.457 (0.506) 43 -0.998 (0.639) -0.172 (0.573) 
8 -0.619 (0.648) -0.721 (0.522) 44 -0.991 (0.625) -0.229 (0.557) 
9 -0.516 (0.576) -0.826 (0.555) 45 -0.932 (0.645) -0.405 (0.533) 
10 -0.525 (0.562) -0.841 (0.573) 46 -0.303 (0.543) -0.987 (0.594) 
11 -0.560 (0.479) -0.821 (0.667) 47 -0.169 (0.531) -1.028 (0.644) 
12 -0.397 (0.448) -0.951 (0.683) 48 -0.105 (0.533) -1.033 (0.686) 
13 -0.995 (0.586) -0.215 (0.542) 49 -0.989 (0.613) -0.116 (0.596) 
14 -0.992 (0.561) -0.252 (0.555) 50 -1.004 (0.588) -0.152 (0.596) 
15 -0.957 (0.535) -0.296 (0.593) 51 -0.978 (0.528) -0.232 (0.592) 
16 -0.239 (0.566) -0.990 (0.554) 52 -0.211 (0.565) -0.996 (0.536) 
17 -0.216 (0.543) -1.018 (0.568) 53 -0.130 (0.574) -1.027 (0.568) 
18 -0.182 (0.536) -1.037 (0.577) 54 -0.105 (0.577) -1.019 (0.566) 
19 -0.999 (0.583) -0.199 (0.556) 55 -0.988 (0.610) -0.113 (0.606) 
20 -0.983 (0.559) -0.264 (0.561) 56 -0.998 (0.582) -0.168 (0.589) 
21 -0.958 (0.541) -0.294 (0.587) 57 -0.978 (0.557) -0.239 (0.575) 
22 -0.236 (0.562) -0.996 (0.558) 58 -0.209 (0.556) -1.001 (0.564) 
(table continues) 
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Table 13 (cont.) 
 2PL  3PL 
 Subgroup  Subgroup 
Form 2 4 Form 2 4 
23 -0.220 (0.550) -1.012 (0.565) 59 -0.161 (0.563) -1.016 (0.564) 
24 -0.176 (0.534) -1.036 (0.584) 60 -0.094 (0.574) -1.018 (0.582) 
25 -1.018 (0.586) -0.121 (0.606) 61     
26 -1.014 (0.566) -0.168 (0.583) 62 -0.999 (0.570) -0.131 (0.609) 
27 -0.993 (0.543) -0.208 (0.589) 63 -0.987 (0.529) -0.194 (0.605) 
28 -0.161 (0.573) -1.025 (0.547) 64 -0.165 (0.601) -1.002 (0.513) 
29 -0.148 (0.565) -1.035 (0.557) 65 -0.130 (0.592) -1.011 (0.525) 
30 -0.126 (0.562) -1.048 (0.570) 66 -0.096 (0.591) -1.026 (0.553) 
31 -1.017 (0.588) -0.129 (0.601) 67     
32 -1.012 (0.557) -0.174 (0.585) 68 -0.994 (0.550) -0.149 (0.616) 
33 -0.992 (0.541) -0.211 (0.590) 69 -0.981 (0.527) -0.203 (0.611) 
34 -0.168 (0.576) -1.014 (0.543) 70 -0.197 (0.622) -0.990 (0.516) 
35 -0.146 (0.563) -1.037 (0.562) 71 -0.124 (0.588) -1.013 (0.539) 
36 -0.123 (0.563) -1.046 (0.570) 72 -0.096 (0.590) -1.024 (0.559) 
Total -0.589 (0.561) -0.665 (0.576)  -0.548 (0.579) -0.631 (0.581) 
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Table 14 
Means and Standard Deviations of Unidimensional Theta Estimates of Subgroups 6 and 8 
 2PL  3PL 
 Subgroup  Subgroup 
Form 6 8 Form 6 8 
1 0.915 (0.704) 0.457 (0.455) 37 0.661 (0.853) 0.654 (0.361) 
2 0.929 (0.601) 0.454 (0.509) 38 0.651 (0.867) 0.710 (0.381) 
3 0.862 (0.571) 0.537 (0.565) 39 0.662 (0.859) 0.729 (0.439) 
4 0.780 (0.558) 0.627 (0.599) 40 0.774 (0.447) 0.616 (0.850) 
5 0.557 (0.529) 0.864 (0.617) 41 0.731 (0.382) 0.643 (0.841) 
6 0.463 (0.478) 0.926 (0.678) 42 0.659 (0.364) 0.682 (0.819) 
7 0.815 (0.732) 0.564 (0.464) 43 0.617 (0.873) 0.696 (0.374) 
8 0.920 (0.595) 0.466 (0.518) 44 0.658 (0.870) 0.704 (0.397) 
9 0.858 (0.561) 0.544 (0.580) 45 0.729 (0.778) 0.706 (0.469) 
10 0.804 (0.555) 0.595 (0.593) 46 0.776 (0.455) 0.620 (0.840) 
11 0.562 (0.522) 0.861 (0.625) 47 0.717 (0.394) 0.653 (0.841) 
12 0.526 (0.469) 0.866 (0.723) 48 0.676 (0.370) 0.647 (0.832) 
13 0.495 (0.783) 0.740 (0.437) 49 0.394 (0.833) 0.775 (0.407) 
14 0.416 (0.711) 0.832 (0.484) 50 0.442 (0.852) 0.797 (0.391) 
15 0.336 (0.631) 0.933 (0.528) 51 0.363 (0.835) 0.863 (0.465) 
16 0.960 (0.530) 0.303 (0.591) 52 0.910 (0.506) 0.320 (0.751) 
17 0.906 (0.509) 0.349 (0.635) 53 0.845 (0.415) 0.391 (0.828) 
18 0.861 (0.479) 0.367 (0.673) 54 0.846 (0.437) 0.314 (0.793) 
19 0.433 (0.758) 0.781 (0.443) 55 0.343 (0.800) 0.807 (0.420) 
20 0.394 (0.684) 0.865 (0.500) 56 0.438 (0.853) 0.806 (0.407) 
21 0.342 (0.631) 0.932 (0.531) 57 0.424 (0.832) 0.841 (0.456) 
22 0.958 (0.533) 0.303 (0.588) 58 0.879 (0.479) 0.382 (0.771) 
23 0.930 (0.518) 0.324 (0.613) 59 0.860 (0.444) 0.379 (0.806) 
24 0.850 (0.477) 0.376 (0.681) 60 0.843 (0.442) 0.304 (0.784) 
25 0.264 (0.651) 0.924 (0.463) 61     
26 0.276 (0.649) 0.928 (0.486) 62 0.257 (0.722) 0.887 (0.449) 
27 0.246 (0.613) 0.981 (0.527) 63 0.234 (0.701) 0.943 (0.512) 
28 1.002 (0.528) 0.206 (0.568) 64 0.983 (0.532) 0.178 (0.657) 
29 0.987 (0.515) 0.219 (0.579) 65 0.948 (0.495) 0.187 (0.684) 
30 0.960 (0.493) 0.237 (0.599) 66 0.921 (0.463) 0.213 (0.685) 
(table continues) 
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Table 14 (cont.) 
 2PL  3PL 
 Subgroup  Subgroup 
Form 6 8 Form 6 8 
31 0.278 (0.660) 0.913 (0.463) 67     
32 0.238 (0.624) 0.955 (0.507) 68 0.216 (0.696) 0.919 (0.473) 
33 0.234 (0.605) 0.986 (0.535) 69 0.216 (0.686) 0.954 (0.524) 
34 1.010 (0.535) 0.198 (0.560) 70 1.007 (0.557) 0.176 (0.617) 
35 0.984 (0.518) 0.218 (0.576) 71 0.945 (0.497) 0.186 (0.673) 
36 0.965 (0.497) 0.229 (0.593) 72 0.929 (0.470) 0.207 (0.675) 
Total 0.675 (0.584) 0.607 (0.558)  0.663 (0.619) 0.585 (0.608) 
 
 Balanced forms. 
2PL forms. Subgroups 2 and 4 had mean abilities on each dimension of            
and           , respectively. The average ability for both groups was  ̅      . The 
structure of the test form at the sub-content level impacted the unidimensional theta estimate by 
as much as half a standard deviation when the 2PL model was used. Unidimensional theta 
estimates for subgroups 2 and 4 had a range of       and      , respectively. . The 
unidimensional estimates for both groups were lower than the average of      on most forms. 
The lowest unidimensional estimates occurred when true ability was below the mean difficulty 
level on both sets of items; the highest estimate occurred when true ability was below the 
difficulty level on the dimension with the harder items and above the difficulty level on the 
dimension with the easier set of items and when the difficulty levels on the two dimension were 
most distinct. 
For subgroup 2, true ability on each dimension was below the unidimensional difficulty 
level on each dimension on forms 1, 2, and 3 and forms 7, 8, and 9, which had an easier 
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difficulty level on the first set of items and a harder difficulty level on the second set of items. 
On forms 1 and 7, true ability on the first dimension was slightly below the average 
unidimensional difficulty level on the first dimension of easy items, and true ability on the 
second dimension was well below the unidimensional difficulty level on the second dimension of 
hard items. On these forms the lowest unidimensional ability estimates were recorded at 
 ̂              and  ̂             . As forms progressed, the unidimensional ability 
estimate increased as true ability on the first dimension became further below difficulty level on 
the first dimension of easy items, and true ability on the second dimension became closer to the 
average unidimensional difficulty level on the second dimension of difficult items. The estimates 
tended to favor the true ability on the dimension with the higher estimated discrimination. 
On forms 4, 5, and 6 and forms 10, 11, and 12, subgroup 2 examinees had a true ability 
far below the unidimensional difficulty level on the first, more difficult dimension, and a true 
ability that exceeded the difficulty level on the second, easier dimension. On forms 4 and 10, true 
ability on the second dimension was slightly above the difficulty of this second set of easy items 
which also had a higher estimated discrimination; the estimated ability was  ̂             and 
 ̂              . On forms 5 and 6, the unidimensional theta estimate decreased slightly, 
where the discrimination was higher on the first set of difficult items. On consecutive forms, as 
the difficulty level increased on the first dimension, further above the true ability on that 
dimension, and as the difficulty level decreased on the second dimension, closer to and then 
below the true ability on that dimension, the unidimensional ability estimate tended to increase to 
the highest estimates above  ̅        on forms 6 and 12 ( ̂              and  ̂        
      ) 
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The mean unidimensional theta estimates for subgroup 4 whose true ability on each 
dimension were opposite of those from subgroup 2 had the opposite trend across forms. On 
forms 1, 2, and 3 and forms 7, 8, and 9, true ability on the second dimension was far below the 
unidimensional difficulty level on the second set of difficult items. True ability on the first 
dimension was above the unidimensional difficulty level on the first dimension of easy items on 
forms 1 and 7. On these forms the highest unidimensional ability estimates were received on 
forms 1 and 7 ( ̂              and  ̂             ). On forms 2 and 8 and forms 3 and 9, 
unidimensional ability estimates tended to decrease as the difficulty level on the first set of items 
became easier and closer to the true ability on the first dimension, and true ability on the second 
dimension remained far below the difficulty level on the second dimension of harder items which 
also had the higher estimated discrimination. 
On forms 4, 5, and 6 and forms 10, 11, and 12, the true ability of subgroup 4 was below 
the unidimensional difficulty level on both dimensions and the unidimensional theta estimates 
continued to decrease. On forms 4 and 10, true ability on the first dimension was slightly below 
the unidimensional difficulty level and true ability on the second dimension was further below 
the unidimensional difficulty level of these easier items. On forms 6 and 12, true ability on the 
first dimension was far below the unidimensional difficulty level for the first set of difficult 
items and true ability on the second dimension was slightly below the unidimensional difficulty 
level on the second dimension of easier items. On these forms, the unidimensional estimate 
decrease to the lowest unidimensional ability estimates, far below  ̅       ( ̂              
and  ̂              ). 
Subgroups 6 and 8 had mean abilities on each dimension of            and 
           respectively. The average ability for both groups was  ̅      . Similar to 
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subgroups 2 and 4, unidimensional theta estimates had large variability among the twelve forms 
for both groups with ranges       and       for groups 6 and 8, respectively. The estimates for 
both groups were overestimates of  ̅, on most forms, and more so for subgroup 6. 
On forms 1, 2, and 3 and forms 7, 8, and 9, examinees in subgroup 6 had a true ability on 
each dimension above the unidimensional difficulty levels for each set of items. For subgroup 6, 
the highest unidimensional theta estimates, far above  ̅      , of       and       were on 
forms 2 and 8, respectively, where true ability on each dimension was above the difficulty levels. 
On forms 4, 5, and 6 and forms 10, 11, and 12, those in subgroup 6 had a true ability on the first 
dimension slightly to moderately below the difficulty level for the first set of difficult items and a 
true ability on the second dimension far above the difficulty level of this second set of easy 
items. A downward trend in the unidimensional ability estimates was reported on successive 
forms as true ability on the first dimension grew further below the difficulty level for that harder 
set of items. The lowest ability estimates were reported on forms 6 and 12 where true ability on 
the second dimension was far above the difficulty level of these easiest items and true ability on 
the first dimension was moderately below the difficulty level of the set of difficult items 
( ̂             and  ̂             ). 
Subgroup 8 had a true ability above the difficulty level on both dimensions on forms 4, 5, 
and 6 and forms 10, 11, and 12. In these situations, high unidimensional estimates were reported, 
above  ̅     . The highest unidimensional theta estimates of       and       were on forms 6 
and 12; on these forms, true ability on the first dimension exceeded the difficulty level for the 
majority of these difficult items, and the true ability on the second dimension exceeded the 
difficulty level on all of the second set of easiest items. Unidimensional ability estimates tended 
to decrease on forms 5 to 1 and forms 11 to 7. Lowest ability estimates for subgroup 8 were on 
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forms 1,2, 3 and forms 7, 8, and 9, where true ability on the first dimension was far above the 
difficulty level on this first dimension of easy items, and true ability on the second dimension 
was slightly to moderately below the difficulty level on the second dimension of difficult items. 
3PL forms. The unidimensional discrimination and difficulty parameter estimates were 
inflated on the more difficult sets of items when the 3PL model was used; this had a strong effect 
on the unidimensional theta estimates. Subgroups 2 and 4 had unidimensional estimates closer to 
the true ability on the dimension where items primarily measuring that dimension had the smaller 
discrimination, lower level of difficulty, and low level of guessing. Subgroup 2 had the lowest 
unidimensional estimates on forms 37, 38, 43, and 44, close to  ̂       , where true ability 
was below the estimated difficult levels on both sets of items. The estimate increased on forms 
39 and 45 to        and       , respectively. Here, examinees were less likely to get the first 
set of items measuring the first dimension correct but slightly more likely to get items in the 
second set correct, having a higher estimated discrimination and difficulty. On forms 40 to 42, 
when items were estimated to primarily measure the first dimension, rather than the second, a 
large increase in the estimate was displayed. At the most extreme case, examinees were unlikely 
to respond correctly to any difficult items primarily measuring the first dimension on all forms 
but were likely to respond correctly to almost all easy items primarily measuring the second 
dimension. 
Subgroup 4 had a similar pattern in the opposite direction. Examinees in this group 
received the highest unidimensional theta estimate on forms 37 and 43 at        and       , 
respectively. Estimates decreased on forms 38, 39, 44, and 45 as examinees were more likely to 
get more of the easier items primarily measuring the first dimension correct, yet remaining far 
below the difficulty level on the second dimension. A large decrease in theta estimates was 
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observed on forms 40 and 46 where items were easier on the second dimension and became 
higher in difficulty on the first set of items. Estimates continued to decrease on balanced forms 
as the difficulty level on the second set of items decreased, while difficulty on the first set of 
items increased. For these test forms, examinees of subgroup 4 rarely responded correct to the 
difficult items measuring the first dimension and would progressively get fewer of the easy items 
primarily measuring the second dimension correct. 
The variability of difficulty levels on the two sets of items did not have as strong of an 
impact on subgroups 6 and 8 as was displayed by subgroups 2 and 4. Unidimensional theta 
estimates for subgroup 6 ranged from       on form 43 to       on form 46; estimates from 
subgroup 8 ranged from       on form 40 to       on form 39. Subgroup 6 had approximately 
equal unidimensional theta estimates across forms 37 through 39 close to      ; on these forms, 
true ability on each dimension was above the difficulty level on the first set of items and slightly 
below the difficulty level of the second set of items. The estimate increased on form 40 
( ̂             ) where the first, more difficult set of items primarily measuring the first 
dimension had a level of difficulty far above the true ability on that dimension, and the second, 
easier set of items primarily measuring the second dimension had a difficulty level below the 
true ability. Here, examinees were likely to get most of the easy items correct and very few of the 
difficult items correct. The estimate decreased on forms 41 and 42 as the difficulty level on the 
difficult items increased and examinees were likely to get fewer difficult items correct. 
On forms 43 through 45, which had a larger range of difficulty than forms 37 through 39, 
the unidimensional estimate from subgroup 6 progressively increased from       on form 43 to 
      on form 45, rather than remained constant as was present on forms 37 through 39. 
Examinees of subgroup 6 had true ability above the difficulty level on the first dimension for the 
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first set of items which progressed in difficulty; true ability on the second dimension was slightly 
below the difficulty level on the second set of items on form 43 and above the difficulty level on 
the second set of items on form 45. The unidimensional theta estimate decreased on forms 47 
and 48 as true ability on the first dimension of more discriminating, difficult items progressed 
further below the difficulty level, and true ability on the second dimension of easy items 
progressed further above the difficulty level on these less discriminating items. 
Subgroup 8 (         ) had a somewhat similar trend in unidimensional estimates 
to subgroup 6 on forms 37 through 42. Ability estimates displayed a small increase on forms 37 
through 39 ( ̂              to  ̂             ) as true ability remained above the increasing 
estimated difficulty level on the first set of easy items and true ability on the second dimension 
remained below the difficulty level on the second set of difficult items. The estimate decreased 
on form 40 and progressively increased on successive forms 41 and 42 as true ability on the first 
dimension remained slightly below the estimated difficulty on the first set of difficult items, and 
true ability on the second dimension grew further above the lowering estimated difficulty of the 
second set of easy items. 
A summary of the tendencies of the unidimensional theta estimates of subgroups 2 and 4 
and subgroups 6 and 8 using the 3PL model on balanced forms was that the unidimensional 
ability estimate was impacted by the relationship between the difficulty levels and true abilities 
on each dimension. For subgroups having an overall low average of abilities on both dimensions 
(subgroups 2 and 4), the unidimensional theta estimate was close to       on forms where 
examinees’ true abilities were below the difficulty level on both dimensions; the estimate was 
close to      on forms where examinees met the difficulty level on at least one dimension. For 
subgroups having an overall high average of abilities on both dimension (subgroups 6 and 8), the 
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unidimensional theta estimates were more consistent across test forms, slightly smaller when 
examinees’ true ability was above the difficulty level on a dimension where examinees had a 
lower true ability. Their estimate was higher on forms where the true abilities of examinees 
exceeded the difficulty level on the dimension where examinees had a higher true ability. 
 Unbalanced forms. Similar to the trends of subgroups 3 and 7, which had unequal true 
abilities across dimensions ( ̅   ), the unidimensional theta estimates for subgroups 2, 4, 6, and 
8 ( ̅      ) were highly dependent upon the true ability on the dimension which had the larger 
number of items which also happened to be the easier items; the mean estimated difficulty for 
each set of items had a smaller effect. 
2PL forms. Forms 13, 14, and 15 and forms 19, 20, and 21 had 25 easy items primarily 
measuring the first dimension and 15 difficult items primarily measuring the second dimension. 
For those subgroups with a low ability (     ) or a high ability (    ) on the dimension 
with more easy items primarily measuring that dimension and a moderate ability (    ) on the 
other dimension having fewer items with a higher difficulty level, the unidimensional theta 
estimate was approximately equal or very close to   . For subgroups with a moderate ability 
level (    ) on the dimension with more easy items primarily measuring that dimension and a 
very low ability (     ) or a very high ability (    ) on the other dimension, the 
unidimensional theta estimate was closer to  . That is, the unidimensional theta values were 
closest to the true multidimensional theta corresponding to the largest number of items, which 
also had the lowest discrimination estimates, the lowest difficulty level, and the lowest guessing 
estimate. 
 Subgroup 2 had a very low ability on the first dimension and a moderate ability on the 
second dimension (            ̅      ). On forms 13 and 19, which had 25 easy items 
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primarily measuring the first dimension and the 15 hardest items primarily measuring the second 
dimension, the unidimensional ability estimates were the lowest,  ̂               and 
 ̂              . As difficulty levels became more similar across the two sets of items and 
examinees in subgroup 2 were more likely to get fewer easy items correct and more harder items 
correct; the unidimensional theta estimate increased slightly to  ̂               and 
 ̂              . On forms 25 and 31, which had 30 easy items primarily measuring the first 
dimension and 10 hard items primarily measuring the second dimension, the unidimensional 
ability estimates were below the ability level on the first dimension,  ̂               and 
 ̂              . As difficulty level became more similar, the unidimensional theta estimate 
increased slightly to  ̂               and  ̂              . On forms which had more easy 
items primarily measuring the second dimension, the unidimensional theta estimates increased 
considerably to  ̂               and  ̂              ; here, true ability was above the 
difficulty level on the easier set of items. The unidimensional thetas continued to increase to 
forms 18 and 24 (to        and       , respectively) where ability on the first dimension 
remained below the estimated difficulty level on the first set of items and ability on the second, 
larger dimension was above the more difficult, yet still below zero, items primarily measuring 
the second dimension. A similar pattern in the opposite direction occurred for subgroup 4 
(            ̅      ) whose ability on each dimension was opposite that of subgroup 2. 
Subgroup 6 had a moderate ability on the first dimension and a high ability on the second 
dimension (         ); subgroup 8 had a high ability on the first dimension and a moderate 
ability on the second dimension (         ). On forms which had more easy items 
primarily measuring the dimension in which examinees had a higher true ability, the 
unidimensional estimate was very close to the true ability on that dimension, having a larger 
  
121 
 
impact when 30 items primarily measured that dimension as compared to 25. For subgroup 6 on 
forms 13 and 19, which had 25 easy items primarily measuring the first dimension and 15 hard 
items primarily measuring the second dimension with estimated difficulty levels on each set of 
items below the true ability on each dimension, the unidimensional ability estimates were 
 ̂              and  ̂             . The estimated difficulty on the second set of items 
primarily measuring the second dimension was higher on form 19 than 13, resulting in a lower 
estimated ability. As the difficulty level became more similar and subgroup 6 was more likely to 
get fewer of the 25 easy items correct and more of the 15 difficult items correct, the 
unidimensional theta estimate tended to decrease to  ̂              and  ̂             . On 
forms having 25 easy items primarily measuring the second dimension and 15 hard items 
primarily measuring the first dimension, unidimensional theta estimates increased largely for 
subgroup 6. On forms 16 and 22, the true ability on the first dimension was below the estimated 
difficulty level for many of those items, and true ability on the second dimension was above the 
difficulty level on the larger set of items measuring the second dimension; the unidimensional 
theta estimates were  ̂              and  ̂               . Estimated ability decreased as 
difficulty levels on each dimension became more distinct,  ̂              and  ̂        
       On these test forms, the theta estimates decreased as subgroup 6 had a higher probability 
of getting more of the 15 difficult items correct and a lower probability of getting all 25 easy 
items correct. When 30 easy items primarily measured one dimension and 10 hard items 
primarily measured the other dimension, the unidimensional theta estimates were heavily 
weighted by true ability on the dimension which had more items primarily measuring that 
dimension, but the similarity or distinction of difficulty levels on each dimension did not 
influence the estimates considerably. On forms which had 30 items primarily measuring the 
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dimension where examinees had a high true ability, unidimensional theta estimates were close to 
   ; on forms which had 30 items primarily measuring the dimension where examinees had a 
moderate true ability, unidimensional theta estimates were close to     . 
3PL forms. For subgroups 2, 4, 6 and 8, the unidimensional theta estimates of the 3PL 
forms compared to the corresponding 2PL forms resulted in a very similar trend, overall. The 
weighting of the unidimensional theta estimate by the dimension with more items primarily 
measuring that dimension was again displayed in similar ranges. One inconsistency was reported 
for subgroups 6 and 8 on forms where 25 items primarily measured the dimension on which 
examinees had the moderate ability. Rather than a consistent decrease on forms 13 through 15 
and 19 through 21 for subgroup 6 or a consistent increase on forms 16 through 18 and 22 through 
24 for subgroup 8, the estimated unidimensional ability was lower when difficulty levels on each 
dimension were very distinct or very similar. When subgroups 2 and 4 had true abilities below 
the difficulty level on both dimensions, the unidimensional theta estimate was close to      ; 
when these groups had true abilities that met the difficulty level on one dimension, the estimate 
was closer to zero. When subgroups 6 and 8 had higher true abilities that met the difficulty on 
the easier dimension, the unidimensional theta estimate was closer to      ; the estimate was 
closer to 0    on forms where the lower true ability exceeded the difficulty level on the easier 
dimension. 
Variability of Unidimensional Theta Estimates 
 The unidimensional theta estimate of each examinee’s item response across the 72 test 
forms over       replications was evaluated using the Bayesian procedure of EAP in BILOG. 
The reported point estimate corresponds to the mean of the posterior distribution, and the 
standard error is equivalent to the standard deviation of the posterior distribution. The mean 
  
123 
 
standard error across all replications within each 2PL and 3PL forms for all subgroups are 
reported in Tables 15 and 16, respectively. 
Table 15 
Mean Standard Errors of Unidimensional Theta Estimates Across 2PL Forms 
 Subgroup  
Form 1 2 3 4 5 6 7 8 9 Total 
1 0.353 0.328 0.313 0.313 0.309 0.326 0.306 0.310 0.344 0.323 
2 0.387 0.315 0.281 0.313 0.285 0.306 0.281 0.281 0.340 0.310 
3 0.375 0.293 0.274 0.306 0.279 0.311 0.273 0.290 0.366 0.307 
4 0.367 0.288 0.274 0.305 0.281 0.309 0.275 0.300 0.373 0.308 
5 0.363 0.296 0.280 0.313 0.288 0.295 0.287 0.314 0.354 0.310 
6 0.352 0.311 0.304 0.329 0.307 0.307 0.311 0.323 0.338 0.320 
7 0.341 0.314 0.304 0.299 0.303 0.335 0.301 0.318 0.369 0.320 
8 0.386 0.313 0.284 0.315 0.288 0.308 0.284 0.285 0.343 0.312 
9 0.365 0.290 0.280 0.305 0.283 0.319 0.277 0.298 0.376 0.310 
10 0.371 0.291 0.277 0.310 0.283 0.309 0.277 0.298 0.368 0.309 
11 0.362 0.301 0.287 0.318 0.295 0.301 0.295 0.317 0.352 0.314 
12 0.335 0.309 0.314 0.321 0.316 0.327 0.318 0.342 0.362 0.327 
13 0.273 0.265 0.266 0.281 0.302 0.360 0.355 0.388 0.468 0.329 
14 0.297 0.275 0.259 0.258 0.271 0.311 0.313 0.352 0.432 0.308 
15 0.349 0.301 0.268 0.259 0.257 0.271 0.281 0.320 0.375 0.298 
16 0.348 0.252 0.278 0.303 0.254 0.322 0.266 0.264 0.374 0.296 
17 0.316 0.251 0.295 0.286 0.259 0.341 0.258 0.283 0.410 0.300 
18 0.298 0.255 0.314 0.280 0.267 0.354 0.258 0.300 0.429 0.306 
19 0.278 0.269 0.268 0.283 0.301 0.350 0.361 0.390 0.465 0.329 
20 0.304 0.279 0.262 0.260 0.272 0.304 0.309 0.348 0.421 0.306 
21 0.337 0.295 0.269 0.261 0.263 0.278 0.288 0.325 0.378 0.299 
22 0.342 0.257 0.282 0.303 0.258 0.321 0.269 0.267 0.368 0.296 
23 0.325 0.253 0.291 0.293 0.259 0.333 0.263 0.276 0.392 0.298 
24 0.289 0.265 0.326 0.276 0.277 0.363 0.262 0.312 0.437 0.312 
25 0.257 0.250 0.246 0.272 0.288 0.316 0.397 0.417 0.457 0.322 
26 0.273 0.258 0.247 0.247 0.259 0.283 0.336 0.364 0.415 0.298 
27 0.309 0.280 0.259 0.239 0.242 0.253 0.292 0.323 0.359 0.284 
(table continues) 
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Table 15 (cont.) 
 Subgroup  
Form 1 2 3 4 5 6 7 8 9 Total 
28 0.333 0.236 0.273 0.301 0.235 0.302 0.269 0.237 0.333 0.280 
29 0.313 0.234 0.286 0.288 0.237 0.317 0.260 0.244 0.354 0.281 
30 0.286 0.238 0.312 0.270 0.245 0.342 0.250 0.260 0.388 0.288 
31 0.257 0.250 0.248 0.275 0.292 0.322 0.395 0.416 0.462 0.324 
32 0.291 0.273 0.258 0.243 0.248 0.262 0.312 0.334 0.373 0.288 
33 0.317 0.288 0.266 0.242 0.242 0.249 0.284 0.310 0.340 0.282 
34 0.342 0.240 0.267 0.308 0.237 0.292 0.276 0.237 0.317 0.280 
35 0.306 0.238 0.287 0.285 0.240 0.314 0.261 0.247 0.348 0.281 
36 0.286 0.240 0.312 0.271 0.246 0.340 0.252 0.259 0.381 0.287 
Total 0.325 0.275 0.281 0.287 0.271 0.313 0.293 0.310 0.382 0.304 
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Table 16 
Mean Standard Errors of Unidimensional Theta Estimates Across 3PL Forms 
 Subgroup  
Form 1 2 3 4 5 6 7 8 9 Total 
37 0.431 0.424 0.424 0.366 0.375 0.345 0.321 0.322 0.251 0.362 
38 0.441 0.432 0.425 0.356 0.361 0.329 0.276 0.271 0.218 0.345 
39 0.469 0.463 0.455 0.360 0.365 0.362 0.262 0.261 0.272 0.363 
40 0.471 0.361 0.269 0.464 0.372 0.260 0.449 0.369 0.256 0.364 
41 0.438 0.346 0.273 0.430 0.356 0.264 0.418 0.331 0.212 0.341 
42 0.426 0.361 0.321 0.421 0.373 0.318 0.419 0.344 0.244 0.358 
43 0.438 0.429 0.429 0.363 0.370 0.350 0.305 0.307 0.248 0.360 
44 0.448 0.441 0.438 0.358 0.364 0.344 0.275 0.269 0.234 0.352 
45 0.472 0.478 0.486 0.365 0.370 0.371 0.278 0.281 0.310 0.379 
46 0.480 0.370 0.279 0.475 0.379 0.267 0.461 0.376 0.261 0.372 
47 0.441 0.350 0.280 0.435 0.361 0.272 0.429 0.346 0.228 0.349 
48 0.429 0.365 0.326 0.425 0.378 0.328 0.425 0.363 0.264 0.367 
49 0.391 0.377 0.372 0.336 0.347 0.387 0.361 0.381 0.404 0.373 
50 0.423 0.407 0.397 0.325 0.328 0.344 0.280 0.289 0.278 0.341 
51 0.453 0.437 0.421 0.338 0.337 0.359 0.264 0.279 0.313 0.356 
52 0.459 0.329 0.274 0.443 0.334 0.306 0.421 0.353 0.359 0.364 
53 0.429 0.319 0.262 0.415 0.327 0.270 0.398 0.346 0.268 0.337 
54 0.414 0.317 0.310 0.400 0.324 0.330 0.385 0.351 0.347 0.353 
55 0.400 0.385 0.378 0.340 0.348 0.386 0.367 0.385 0.414 0.378 
56 0.422 0.407 0.400 0.328 0.332 0.351 0.275 0.284 0.280 0.342 
57 0.450 0.436 0.423 0.336 0.339 0.362 0.267 0.279 0.307 0.355 
58 0.464 0.332 0.268 0.450 0.340 0.288 0.430 0.361 0.327 0.362 
59 0.442 0.323 0.267 0.428 0.332 0.280 0.411 0.356 0.300 0.349 
60 0.405 0.323 0.327 0.392 0.332 0.350 0.379 0.361 0.370 0.360 
61           
62 0.401 0.383 0.369 0.303 0.304 0.330 0.317 0.336 0.379 0.347 
63 0.439 0.418 0.402 0.313 0.308 0.322 0.287 0.320 0.379 0.354 
64 0.464 0.321 0.285 0.444 0.316 0.319 0.420 0.315 0.368 0.361 
65 0.437 0.306 0.278 0.420 0.306 0.305 0.401 0.315 0.352 0.347 
66 0.415 0.298 0.299 0.399 0.300 0.322 0.379 0.314 0.363 0.343 
(table continues) 
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Table 16 (cont.) 
 Subgroup  
Form 1 2 3 4 5 6 7 8 9 Total 
67           
68 0.425 0.407 0.392 0.312 0.307 0.322 0.305 0.321 0.361 0.350 
69 0.451 0.429 0.411 0.324 0.315 0.322 0.292 0.319 0.370 0.359 
70 0.492 0.341 0.307 0.454 0.324 0.334 0.415 0.311 0.366 0.371 
71 0.433 0.309 0.285 0.416 0.309 0.309 0.396 0.318 0.352 0.347 
72 0.417 0.301 0.300 0.401 0.302 0.324 0.381 0.315 0.366 0.345 
Total 0.439 0.374 0.348 0.386 0.339 0.324 0.357 0.325 0.312 0.356 
 
The magnitudes of the standard errors did not have large variability. Across all 2PL 
forms, average standard errors ranged from       to      ; across 3PL forms, standard errors 
ranged from       to      . It was hypothesized that unidimensional theta estimates of a group 
of examinees would have small standard errors on forms which had difficulty levels on each 
dimension that aligned with and were in similar range to the ability on each dimension, i.e. 
higher difficulty level on the dimension on which examinees had a higher ability and lower 
difficulty level on the dimension on which examinees had a lower low ability. This hypothesis 
was based on the findings of Ackerman (1987a) and Reckase et al. (1986) whose estimated 
standard errors were based on the true multidimensional item parameters and true 
multidimensional ability. In this study, the standard errors were based on the estimated 
unidimensional ability distribution, which also was dependent upon the unidimensional 
estimated item parameters. The reported trends of the unidimensional standard errors did not 
follow similar patterns as those from the multidimensional standard errors in all cases. 
Subgroups having equal ability across both dimensions. Subgroups 1 and 9 had a true 
ability on each dimension which only aligned with the difficulty on one dimension and was at the 
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opposite end of the scale on the other dimension. Across all 2PL forms, these subgroups had the 
highest error estimates; across all 3PL forms, subgroup 1 had the highest average standard error 
and subgroup 9 had the smallest average standard error of all subgroups. Subgroup 5 had a true 
ability most similar to the difficulty on forms with similar difficulty levels on each dimension. 
Standard error estimates for this subgroup tended to be the lowest, on average, of all groups on 
the 2PL forms and were moderate on 3PL forms.  
A somewhat linear trend was reported for these subgroups in the balanced cases, and a 
curvilinear pattern was displayed within sets of six forms on unbalanced forms, in most cases on 
the 2PL forms, shown in Figure 9; on 3PL forms, the same trend followed for subgroups 1 and 5, 
but not for subgroup 9, shown in Figure 10. The linear or curvilinear trends were likely due to 
the design of the simulation cases. In the balanced condition, difficulty consistently increased for 
the 20 items primarily measuring dimension one and decreased for the 20 items primarily 
measuring dimension two. In the unbalanced conditions, difficulty increased for the first set of 
items and decreased for the second set of items, however, the number of items primarily 
measuring each dimension was not consistent across sets of six unbalanced forms. The larger set 
of items maintained the lower level of difficulty. This potentially created a non-linear trend in the 
mean and standard error outcomes; this problem is further investigated in the post hoc section. 
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Figure 9. Line graph of the standard errors of unidimensional theta estimates of subgroups 1, 5, 
and 9 across 2PL forms. 
 
Figure 10. Line graph of the standard errors of unidimensional theta estimates of subgroups 1, 5, 
and 9 across 3PL forms. 
Balanced forms. 
2PL forms. Subgroups 1 and 9 were estimated with the largest error of all subgroups on 
the balanced forms, close to      . Ability scores tended to be estimated with less error on forms 
with more distinct levels of difficulty on each dimension, where true ability on one dimension 
corresponded to the difficult level on that dimension, as compared to similar difficulty levels, 
where true ability was not in a similar range of difficulty on either dimension. Subgroup 5 had 
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the lowest standard error on forms with similar difficulty levels in the range of true ability 
(  ( ̂      )       ), and it increased as the difficulty level on each dimension grew further 
from the true ability to approximately      . 
3PL forms. Subgroup 5 was estimated consistently across forms, with a standard error 
approximately      . Subgroup 1 was estimated with the highest standard errors of all 
subgroups on most of the 3PL balanced forms. The estimate was highest on forms which had 
similar difficulty levels not in the range of true ability (  ( ̂       )       ), where examinees 
were less likely to respond correctly to the easier set of items and more likely to respond 
correctly to the difficult set of items. The errors were lowest on forms which had dissimilar 
difficulty levels on the two dimensions in the range of true ability on one dimension 
(  ( ̂       )       ), and examinees were likely to answer over half of the easier items 
correctly and none of the difficult items correctly.  
Unidimensional estimates of subgroup 9 did not follow a similar trend; examinees in this 
group were estimated with the highest amount of error on forms with similar difficulty levels 
(  ( ̂       )       ) where examinees were almost equally likely to respond correctly to the 
easier and difficult set of items; the lowest standard errors were on forms which had somewhat 
distinct difficulty levels (  ( ̂       )       ). The trend did not continue on forms with very 
distinct difficulty levels where examinees were likely to respond correctly to all easy items and 
to approximately half of the hard items; here standard errors increased. 
Unbalanced forms. 
2PL forms. Subgroup 1 had the highest standard errors on forms with similar difficulty 
levels on the two dimensions (  ( ̂       )       ); examinees in subgroup 1 had a very low 
probability of correctly answering any of the difficult items and a small probability of answering 
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fewer than half of the 25 easy items correct. The lowest standard errors were reported on forms 
with distinct difficulty levels on the two dimensions that best aligned with one of the two true 
abilities (  ( ̂       )       ), such that examinees have a higher probability of answering 
more of the 25 easier items correctly than in the previously stated forms. 
Subgroup 9 had the lowest standard errors on forms with similar difficulty levels on both 
dimensions (  ( ̂       )       ) and the highest standard errors on forms with distinct 
difficulty levels on both dimensions which resulted in true ability aligning with only the 
difficulty of the first dimension which had more items (  ( ̂       )       ). On forms 13 and 
18 with extreme difficulty, examinees in subgroup 9 were likely to get most of the 25 easy items 
correct, and they had an approximate 50% chance of responding correctly to the 15 difficult 
items. On forms 15 and 16 with similar difficulty levels, examinees had a high probability of 
answering most of the easy and difficult items correctly, which resulted in more consistent theta 
estimates. 
Standard errors of subgroup 5 tended to decrease as forms became more unidimensional 
to approximately       and       on slightly unbalanced and extremely unbalanced forms, 
respectively, and were consistently lower on forms with similar difficulty levels which were 
closer to the ability level of this group on both dimensions. 
3PL forms. Subgroup 1 displayed a similar trend in the estimated standard errors on 3PL 
forms as was shown on 2PL forms, shifted upward by approximately      . Standard errors of 
subgroup 5 were more linear than those of the 2PL forms within the sets of six forms, with an 
increase in standard errors by approximately       on the 3PL forms as compared to the 2PL 
forms. 
Subgroup 9 did not present a clear trend. On forms unbalanced with 25 and 15 items in 
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each set, standard errors were highest when the difficulty levels on each dimension were very 
similar or very distinct. Standard errors were lowest when the difficulty levels were somewhat 
different. Standard errors for subgroup 9 were somewhat consistent across the unbalanced forms 
with 30 and 10 items in each set, with an average of approximately      . 
Subgroups having unequal ability across both dimensions. On balanced, 2PL forms, 
subgroups having unequal true ability levels on the two dimensions had a slight curvilinear 
pattern centered around    , lower on forms with similar difficulty levels on the two dimensions. 
On unbalanced, 2PL forms, standard errors increased as true ability and difficulty on the 
dimension having more items primarily measuring that dimension became more misaligned. For 
all groups on 3PL forms, balanced and unbalanced, the highest standard errors were reported on 
forms in which true ability aligned with the difficulty on each dimension; subgroups had the 
lowest standard error on forms in which true ability did not align with the difficulty on each 
dimension. Figures 11 and 12 display the average standard errors across the 2PL and 3PL forms, 
respectively, for subgroups 3 and 7; Figures 13 and 14 display the average standard errors across 
the 2PL and 3PL forms, respectively, for subgroups 2, 4, 6, and 8. 
 
Figure 11. Line graph of the standard errors of unidimensional theta estimates of subgroups 3 
and 7 across 2PL forms. 
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Figure 12. Line graph of the standard errors of unidimensional theta estimates of subgroups 3 
and 7 across 3PL forms. 
 
Figure 13. Line graph of the standard errors of unidimensional theta estimates of subgroups 2, 4, 
6, and 8 across 2PL forms. 
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Figure 14. Line graph of the standard errors of unidimensional theta estimates of subgroups 2, 4, 
6, and 8 across 3PL forms. 
Balanced forms. 
2PL forms. Subgroup 3 had true ability on each dimension which aligned best with the 
difficulty levels on forms 1 and 7 and did not align with forms 6 and 12; subgroup 7 had true 
ability on each dimension which aligned best with the difficulty levels on form 6 and 12 and was 
the least aligned with the difficulty levels on forms 1 and 7. On balanced, 2PL forms subgroups 3 
and 7 received the highest standard errors (close to      ) on forms which had distinct difficulty 
levels on the two dimensions and where true ability aligned with or was misaligned with the 
difficulty levels on both dimensions. The lowest standard errors (close to      ) were on forms 
which had similar difficulty levels across dimensions that were not in the range of true abilities 
on each dimension. Somewhat consistent standard errors were reported for subgroups 2, 4, 6, and 
8, close to      . 
3PL forms. Subgroups having dissimilar ability on the two dimensions were estimated 
with larger standard errors on forms where true ability aligned with the difficulty level on at least 
one dimension, and the errors were highest on forms with similar difficulty levels on the two 
dimensions and lower on forms with distinct levels of difficulty. The lowest standard errors were 
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on forms which had true ability which was misaligned with the difficulty levels on the two 
dimensions. 
Subgroups 3 and 7 had the largest range of standard errors on 3PL balanced forms from 
      on form 45 to       on form 40 for subgroup 3 and       on form 39 to       on form 
46 for subgroup 7. Subgroups 2 and 4 had upper bounds of average standard errors similar to 
subgroups 3 and 7, and had lower bounds of       on form 41 and       on form 38, 
respectively. Subgroups 6 and 8 had similar lower bounds of average standard errors as 
subgroups 3 and 7, and had upper bounds of       on form 45 and       on form 46 for 
subgroups 6 and 8, respectively. 
Unbalanced forms. 
2PL forms. Mean standard errors of subgroups 3 and 7 across unbalanced, 2PL forms 
displayed a steady increase in standard errors as true ability and difficulty on each dimension 
became more misaligned. The range of standard errors across sets of forms increased as the 
number of items primarily measuring each dimension became more dis-proportional. Subgroup 3 
had smallest standard errors on form 25 (  ( ̂       )       ) and largest standard errors on 
forms 30 and 36 (  ( ̂       )    ( ̂       )       . Subgroup 7 had smallest standard 
errors on form 30 (  ( ̂       )       ) and largest standard errors on form 25 
(  ( ̂       )       . 
Subgroups 2 and 4 tended to have similar standard errors on forms with very dissimilar 
difficulty on both dimensions, close to       for subgroup 6 and       for subgroup 8. On 
forms which had similar difficulty levels on both dimensions, slightly lower on the first 
dimension and higher on the second dimension, standard errors were small for subgroup 4 
(  ( ̂       )       ) and larger for subgroup 2 (  ( ̂       )       ). On forms having 
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similar difficulty on the two dimensions with slightly higher difficulty on the first dimension and 
slightly lower on the second dimension, subgroup 4 estimates had more error (  ( ̂       )  
     ) and subgroup 2 estimates had less error (  ( ̂       )         ). 
The mean standard errors of subgroups 6 and 8 were largest on forms where true ability 
did not align with the difficulty on each dimension and forms had distinct difficulty levels. The 
magnitude of error decreased as difficulty became more similar. The errors were lowest on forms 
where ability and difficulty aligned and the difficulty was similar on the two dimensions, and 
errors increased slightly as difficulty became more dissimilar. 
3PL forms. The trend reported for the 3PL balanced forms was also displayed on the 
unbalanced forms for subgroups 2, 3, 4, and 7, with errors decreasing as the number of items 
primarily measuring each dimension became more unbalanced. Standard errors on the slightly 
unbalanced forms of subgroups 6 and 8 were similar to those on the balanced forms, but showed 
little variability on very unbalanced forms. 
Post Hoc 
 Table 7 reported the test specifications of each test form. Forms 13 through 18 and 
corresponding forms, i.e. those which had similar mean difficulty values with a larger range 
and/or those including the guessing parameter, had a set of 25 items primarily measuring the 
dimension with a lower difficulty level and a set of 15 items primarily measuring the dimension 
with a higher difficulty level. A form having 25 items primarily measuring the dimension with a 
higher difficulty level and 15 items primarily measuring the dimension with a lower difficulty 
level was not included in the initial design of the study. To better clarify the outcomes and be 
able to attribute trends in the results, additional forms were created: those having 25 items 
primarily measuring the dimension with a higher difficulty level and 15 items primarily 
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measuring the dimension with a lower difficulty level. The three levels of difficulty with a range 
of one on each dimension were included for both the 2PL and 3PL models, resulting in twelve 
additional test forms, reported in Table 17. 
These forms had similar difficulty levels on the first dimension as forms 13 through 18 
for the 2PL forms and 49 through 54 for the 3PL forms, with an altered number of items in each 
set and an updated difficulty level on the second dimension to ensure an overall test difficulty of 
zero. Each had a range of one on the multidimensional difficulty level; the case of a range of two 
was not included due to the similarities between the results from those having a range of one and 
a range of two in the initial results. The additional 2PL and 3PL forms are referred to as post hoc 
forms 13a through 18a for the 2PL cases and 49a through 54a for the 3PL forms in the remaining 
discussions.
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Table 17 
Unidimensional Item Parameters for Each Dimension and Multidimensional Item Parameters for Each Set of Items for the 
Additional Post Hoc Forms 
Form   
2PL
a 
3PL
 
First Set of Items Second Set of Items 
1
b
 1                ̅ 
c                       ̅ 
c        
13a 49a 15 1.8 0.2 -0.9 0.600 1.500  -0.828 25 0.2 1.8 -0.9 0.600 -0.900  0.497 
14a 50a 15 1.8 0.2 -0.5 0.333 0.833  -0.460 25 0.2 1.8 -0.5 0.333 -0.500  0.276 
15a 51a 15 1.8 0.2 -0.1 0.067 0.167  -0.092 25 0.2 1.8 -0.1 0.067 -0.100  0.055 
16a 52a 25 1.8 0.2 0.1 -0.150 -0.150  0.083 15 0.2 1.8 0.1 -0.150 0.250  -0.138 
17a 53a 25 1.8 0.2 0.5 -0.750 -0.750  0.414 15 0.2 1.8 0.5 -0.750 1.250  -0.690 
18a 54a 25 1.8 0.2 0.9 -1.350 -1.350  0.745 15 0.2 1.8 0.9 -1.350 2.250  -1.242 
a
 Indicates the model used, either 2PL or 3PL. 
b
 Indicates the range of the uniform distribution centered around the mean 
multidimensional difficulty parameter,  ̅ . 
c
  ̅  indicates the mean multidimensional difficulty for the  
th
 set of items. The 
multidimensional difficulty parameter follows a uniform distribution with a range of either one or two.
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Unidimensional item parameter estimates. A trend of the unidimensional parameter 
estimates of the 2PL unbalanced forms was a larger estimated discrimination on the larger set of 
easy items, as compared to the smaller set of difficult items; the average difficulty of sets of 
items were slightly overestimated on the larger set of easy items and overestimated to a larger 
degree on the smaller set of difficult items. Due to the confounding of the number of items with 
the difficulty, the cause of the inflation could not be distinguished between these two factors. 
The additional 2PL forms had more items on the set with a higher level of difficulty. Table 18 
reports the estimated item parameters for each set of items on the post hoc forms, along with the 
original estimated item parameters on similar unbalanced forms for comparison purposes.  
The higher estimated discrimination was present on the larger set of items, rather than on 
the smaller set of items, regardless of the average difficulty of those items. The overestimation of 
difficulty levels was present on forms having fewer difficult items and more easy items, with the 
smaller set of items having more inflation. The extreme overestimation of the average difficulty 
of the smaller sets of items on these forms resulted in tests which had overall test difficulties as 
high as       when the difficulty levels were most distinct on the two dimensions. On forms 
having a larger number of difficult items and fewer easy items, the difficulty levels within sets of 
items were underestimations of the true difficulty, with the smaller set of items having a larger 
degree of underestimation than the larger set. This resulted in tests with an average total test 
difficulty as low as        when difficulty levels on the two dimensions were most distinct. 
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Table 18 
Mean Estimated Parameters for Selected 2PL Original and Post Hoc Datasets 
 First Set of Items  Second Set of Items  All Items 
Form  a  ̂  ̂   a  ̂  ̂   ̂  ̂ 
More 1
st
 Dimension           
13  25 1.636 -0.834  15 0.613 2.516  1.125 0.841 
14 25 1.660 -0.487  15 0.547 1.648  1.103 0.581 
15 25 1.667 -0.108  15 0.506 0.491  1.087 0.192 
16a 25 1.666 0.080  15 0.514 -0.287  1.090 -0.104 
17a 25 1.664 0.431  15 0.571 -1.398  1.118 -0.483 
18a 25 1.651 0.726  15 0.630 -2.502  1.140 -0.888 
More 2
nd
 Dimension           
13a 15 0.548 -1.870  25 1.696 0.493  1.122 -0.689 
14a 15 0.512 -1.178  25 1.702 0.248  1.107 -0.465 
15a 15 0.499 -0.346  25 1.700 0.035  1.099 -0.156 
16 15 0.500 0.186  25 1.698 -0.103  1.099 0.041 
17 15 0.517 0.976  25 1.695 -0.321  1.106 0.328 
18 15 0.523 2.015  25 1.695 -0.457  1.109 0.779 
a
 The variable   indicates the number of items within that set of items. 
On the original 3PL forms, when guessing was included, the discrimination, difficulty, 
and guessing parameters were inflated on the smaller set of difficult items, and the average 
estimated difficulty of items was overestimated. Table 19 reports the mean estimated item 
parameters within each set of items for the original and post hoc forms. The additional forms 
allow for the distinction to be made that the estimated discrimination was higher on the difficult 
set of items; this estimation was much higher than true discrimination values on either 
dimension. The estimation of the unidimensional difficulty values on the smaller sets of items 
tended to be a large overestimate of the difficult sets of items and a large underestimation of the 
easier sets of items. The estimated difficulty of the larger sets of items tended to be close to the 
true difficulty for that dimension. The guessing parameter tended to be overestimated on the 
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difficult sets of items, and to a higher degree when fewer items had a higher difficulty level, 
which also had a severely inflated estimated discrimination.
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Table 19 
Mean Estimated Parameters for Selected 3PL Original and Post Hoc Datasets 
 First Set of Items  Second Set of Items  All Items 
Form  a  ̂  ̂  ̂   a  ̂  ̂  ̂   ̂  ̂  ̂ 
More 1
st
 Dimension              
49 25 1.801 -0.668 .284  15 3.398 1.970 .323  2.599 0.651 .303 
50 25 1.642 -0.439 .228  15 4.991 1.457 .384  3.317 0.509 .306 
51 25 1.563 -0.142 .192  15 3.612 1.393 .480  2.587 0.626 .336 
52a 25 1.806 0.175 .237  15 0.571 0.009 .257  1.189 0.092 .247 
53a 25 3.513 0.840 .335  15 0.934 -1.075 .148  2.223 -0.117 .242 
54a 25 2.677 0.983 .290  15 1.024 -1.723 .212  1.851 -0.370 .251 
More 2
nd
 Dimension              
49a 15 0.864 -1.375 .174  25 2.826 0.787 .299  1.845 -0.294 .236 
50a 15 0.611 -0.978 .211  25 1.933 0.378 .246  1.272 -0.300 .229 
51a 15 0.580 0.181 .298  25 1.800 0.104 .228  1.190 0.142 .263 
52 15 2.185 1.355 .493  25 1.635 -0.119 .198  1.910 0.618 .346 
53 15 5.443 1.370 .445  25 1.601 -0.334 .203  3.522 0.518 .324 
54 15 4.132 1.799 .380  25 1.755 -0.397 .233  2.944 0.701 .306 
a
 The variable   indicates the number of items within that set of items.
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Unidimensional theta estimates. The confounding of multidimensional ability and 
difficulty and number of items within sets of items primarily measuring one of the dimension 
had an influence on the estimated unidimensional theta estimations. Line graphs of the mean 
unidimensional theta estimate on original and post hoc forms for the 2PL and 3PL forms are 
displayed in Figures 15 and 16, respectively, in order to compare the effects of the differing 
number of items and difficulty within sets of items. The left six forms had 25 items primarily 
measuring the first dimension with a progressive increase in difficulty, easy on form 13 and hard 
on form 18a; these forms had 15 items primarily measuring the second dimension with a 
decrease in difficulty on successive forms, hard on form 13 and easy on form 18a. The right six 
forms had 15 items primarily measuring the first dimension with a progressive increase in 
difficulty, easy on form 13 and hard on form 18a; these forms had 25 items primarily measuring 
the second dimension with a decrease in difficulty on successive forms, hard on form 13 and 
easy on form 18a. The means and standard deviations of unidimensional theta estimates across 
replications are reported in Tables 20, 21, and 22 for subgroups having equal ability on the two 
dimensions, an average of true abilities equal to zero, and an average of true abilities equal to 
    , respectively.
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Figure 15. Line graph of the mean unidimensional theta estimates on unbalanced, 2PL forms. The six forms on the left have 25 items 
primarily measuring the first dimension that get progressively more difficult and 15 items primarily measuring the second dimension 
that get progressively less difficult. The six forms on the right have 15 items primarily measuring the first dimension that get 
progressively more difficult and 25 items primarily measuring the second dimension that get progressively less difficult. 
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Figure 16. Line graph of the mean unidimensional theta estimates on unbalanced, 3PL forms. The six forms on the left have 25 items 
primarily measuring the first dimension that get progressively more difficult and 15 items primarily measuring the second dimension 
that get progressively less difficult. The six forms on the right have 15 items primarily measuring the first dimension that get 
progressively more difficult and 25 items primarily measuring the second dimension that get progressively less difficult. 
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Subgroup 5 had a consistent estimated ability of approximately zero across all forms. On 
2PL forms, subgroups 1 and 9 had a consistent decrease in the unidimensional theta estimates as 
forms contained 25 hard items to 25 easy items, ranging from       to       for subgroup 1 
and      to      for subgroup 9. The primary dimension that these items were measuring had no 
effect. On 3PL forms, a similar trend was displayed overall, in a rigid style. The estimated total 
test difficulty of forms having more easy items was estimated as being a more difficult test, 
overall, and forms having a larger number of difficult items were estimated as being easier, 
overall. This was because of the overestimation of difficulty within sets of items on forms having 
more easy items, and an underestimation of difficulty within sets of items on forms having more 
items at a higher difficulty level. This factor could have influenced the estimated ability of 
subgroups 1 and 9 which had a slightly higher estimated ability on forms having a harder total 
test difficulty and slightly lower estimated ability on forms having an easier total test difficulty. 
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Table 20 
Summary of Unidimensional Theta Estimates of Post Hoc Forms for Subgroups 1, 5, and 9 
 Subgroup 
Form 1 5 9 
2PL       
13a -1.425 (0.641) 0.000 (0.579) 1.205 (0.544) 
14a -1.397 (0.604) 0.006 (0.584) 1.237 (0.548) 
15a -1.358 (0.575) 0.007 (0.586) 1.279 (0.558) 
16a -1.356 (0.594) 0.013 (0.605) 1.268 (0.557) 
17a -1.422 (0.635) 0.015 (0.600) 1.205 (0.539) 
18a -1.404 (0.682) 0.008 (0.591) 1.158 (0.541) 
3PL       
49a -1.315 (0.622) 0.039 (0.627) 1.168 (0.457) 
50a -1.402 (0.545) -0.006 (0.639) 1.223 (0.538) 
51a -1.333 (0.498) -0.016 (0.642) 1.270 (0.573) 
52a -1.343 (0.510) -0.009 (0.660) 1.252 (0.566) 
53a -1.307 (0.587) 0.060 (0.657) 1.145 (0.401) 
54a -1.257 (0.670) 0.059 (0.601) 1.131 (0.464) 
 
Those subgroups having an unequal ability on the two dimensions displayed a consistent 
increase or decrease in estimated theta across 2PL forms having similar numbers of items 
primarily measuring each dimension. Subgroups 3 and 7 displayed a consistent increase in the 
unidimensional theta estimates as forms containing 25 easy items on the first dimension 
transformed to forms with 25 hard items on dimension one. The dimension primarily being 
measured had a large effect on theta estimates; scores were equal in absolute value on forms 
having equal difficulty level on the sets of items, comparing those having more items primarily 
measuring the first dimension with those having more items primarily measuring the second 
dimension. For example, when 25 items primarily measured the first dimension with increasing 
difficulty, scores increased from  ̂               to  ̂                for subgroup 3 and 
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 ̂              to  ̂               for subgroup 7. On forms that had 25 items primarily 
measuring the second dimension with increasing difficulty, scores increased from  ̂        
      to  ̂               for subgroup 3 and  ̂               to  ̂                for 
subgroup 7. 
On 3PL forms, the unidimensional theta estimates for subgroups 3 and 7 were higher on 
forms which had more items primarily measuring the dimension on which examinees had a 
higher true ability. Subgroup 3 had the lowest ability estimates, less than zero and close to 
     , on forms 49 through 51 which had 25 easy items primarily measuring the first 
dimension; the estimates increased as the 25 items primarily measuring the first dimension 
became more difficult and difficulty on the second set of items primarily measuring the second 
dimension became easier, further below true ability on that dimension. On forms that had 25 
items primarily measuring the second dimension, the estimate was above zero and increased 
( ̂               to  ̂             ) as the difficulty of those 25 items decreased hard to 
easy and as true ability on the second dimension grew further above the difficulty level. 
Unidimensional theta estimates were consistent on forms having similar estimated discrimination 
values on the same set of items. 
Subgroup 7 displayed a similar trend on 3PL forms: unidimensional theta estimates were 
above  , close to      in most cases, on forms with 25 items primarily measuring the first 
dimension where examinees had a high true ability. Theta estimates were below  , as low as 
       on form 54, where 25 items primarily measured the second dimension on which 
examinees had a low true ability. The estimate decreased as difficulty on the first dimension 
became harder. 
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Table 21 
Summary of Unidimensional Theta Estimates of Post Hoc Forms for Subgroups 3 and 7 
 Subgroup 
Form 3 7 
2PL     
13a 0.719 (0.542) -0.561 (0.378) 
14a 0.693 (0.496) -0.600 (0.414) 
15a 0.657 (0.453) -0.629 (0.453) 
16a -0.613 (0.436) 0.654 (0.481) 
17a -0.542 (0.373) 0.691 (0.554) 
18a -0.533 (0.342) 0.731 (0.630) 
3PL     
49a 0.226 (1.089) -0.117 (0.311) 
50a 0.615 (0.626) -0.410 (0.372) 
51a 0.651 (0.494) -0.574 (0.453) 
52a -0.527 (0.428) 0.643 (0.538) 
53a 0.004 (0.290) 0.069 (1.143) 
54a -0.079 (0.247) 0.113 (1.210) 
 
Subgroups 2, 4, 6, and 8 which did not have extreme differences in unidimensional theta 
estimates still exhibited differences in unidimensional theta estimates on forms having more 
items primarily measuring the dimension on which examinees had a higher true ability as 
compared to a lower true ability. On 2PL forms, subgroups 2 and 4 had similar unidimensional 
theta estimates on forms with similar numbers of items and difficulty on items primarily 
measuring the dimension where these examinees had similar true abilities. The estimate was 
closer to   on forms that had 25 items primarily measuring the dimension on which examinees 
had a true ability of  ; the estimate was closer to    on forms that had 25 items primarily 
measuring the dimension on which examinees had a true ability of   . The same trend was 
displayed for subgroups 6 and 8. The estimate was closer to   on forms that had 25 items 
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primarily measuring the dimension on which examinees had a true ability of  ; the estimate was 
closer to    on forms that had 25 items primarily measuring the dimension on which examinees 
had a true ability of   . For these subgroups, the estimated ability was lowest when true ability 
was below the difficulty level of both dimensions; estimated ability increased as true ability was 
above the difficulty level on at least one dimension, and more so when true ability exceeded the 
difficulty level on the dimension where examinees had a higher true ability; the largest 
estimations were on forms where true ability met the difficulty levels on both dimensions. 
The same trend was true on 3PL forms for subgroups 6 and 8, though overall these 
subgroups had very little variability in estimates across unbalanced, 3PL forms. For subgroups 2 
and 4, the levels of difficulty and discrimination were more influential. When true ability was 
below the difficulty level on both dimensions, the unidimensional theta estimate was lowest 
close to   , and when true ability was above the difficulty level on at least on dimension, the 
theta estimate increased closer to  . 
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Table 22 
Summary of Unidimensional Theta Estimates of Post Hoc Forms for Subgroups 2, 4, 6, and 8 
 Subgroup 
Form 2 4 6 8 
2PL         
13a -0.332 (0.674) -0.847 (0.490) 1.021 (0.562) 0.221 (0.525) 
14a -0.285 (0.625) -0.912 (0.519) 1.010 (0.551) 0.247 (0.543) 
15a -0.255 (0.586) -0.965 (0.542) 0.985 (0.540) 0.280 (0.569) 
16a -0.915 (0.515) -0.330 (0.624) 0.307 (0.598) 0.973 (0.547) 
17a -0.814 (0.469) -0.409 (0.697) 0.268 (0.554) 1.009 (0.569) 
18a -0.737 (0.418) -0.463 (0.764) 0.219 (0.545) 1.020 (0.589) 
3PL         
49a -0.834 (0.878) -0.493 (0.492) 0.945 (0.611) 0.381 (0.453) 
50a -0.535 (0.819) -0.769 (0.500) 0.989 (0.565) 0.295 (0.533) 
51a -0.341 (0.691) -0.919 (0.524) 0.981 (0.559) 0.282 (0.593) 
52a -0.859 (0.504) -0.442 (0.734) 0.317 (0.609) 0.967 (0.563) 
53a -0.399 (0.486) -0.958 (0.841) 0.477 (0.436) 0.909 (0.616) 
54a -0.362 (0.417) -0.921 (0.884) 0.375 (0.456) 0.942 (0.631) 
 
Standard errors of unidimensional theta estimates. On 2PL forms, subgroup 9 had 
highest standard errors on forms with 25 easy items and 15 difficult items, which were estimated 
to be extremely hard; these were forms 13 and 18. The true ability on each dimension was far 
from the difficulty levels on each dimension, and the largest standard errors were reported. The 
errors tended to decrease as the difficulty on the dimension with more items became closer to the 
true ability. Subgroup 1 had the lowest standard errors on forms 13 and 18 that had 25 easy 
items, i.e. more items at a difficulty level close to the true ability on that dimension, and the 
errors tended to increase as the larger set of items became more difficult, further from the true 
ability. Subgroups that had an average of true ability greater than zero, i.e. subgroups 6, 7, and 8, 
had a similar trend as subgroup 9, whereas subgroups that had an average of true ability less than 
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zero, i.e. subgroups 2, 3, and 4, had a similar trend as subgroup 1. Overall, as the difficulty level 
on the dimension with more items became more in alignment with the true ability on that 
dimension, standard errors tended to decrease; as the difficulty level on the dimension with more 
items progress further from the true ability on that dimension, standard errors increased. 
A somewhat similar trend was displayed on the 3PL forms, but with a less linear 
structure. Line graphs of the mean standard errors within each group on original and post hoc 
forms for the 2PL and 3PL forms are displayed in Figures 17 and 18, respectively, in order to 
compare the effects of the differing number of items and difficulty within sets of items. Table 23 
reports the mean standard errors within each group on post hoc forms for the 2PL and 3PL 
forms.
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Figure 17. Line graph of the mean standard errors of unidimensional theta estimates on unbalanced, 2PL forms. The six forms on 
the left have 25 items primarily measuring the first dimension that get progressively more difficult and 15 items primarily measuring 
the second dimension that get progressively less difficult. The six forms on the right have 15 items primarily measuring the first 
dimension that get progressively more difficult and 25 items primarily measuring the second dimension that get progressively less 
difficult.  
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Figure 18. Line graph of the mean standard errors of unidimensional theta estimates on unbalanced, 3PL forms. The six forms on the 
left have 25 items primarily measuring the first dimension that get progressively more difficult and 15 items primarily measuring the 
second dimension that get progressively less difficult. The six forms on the right have 15 items primarily measuring the first 
dimension that get progressively more difficult and 25 items primarily measuring the second dimension that get progressively less 
difficult. 
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Table 23 
Mean Standard Errors of Unidimensional Theta Estimates Across Post Hoc Forms 
 Subgroup  
Form 1 2 3 4 5 6 7 8 9 Total 
2PL           
13a 0.440 0.299 0.255 0.354 0.268 0.274 0.312 0.254 0.288 0.305 
14a 0.406 0.273 0.261 0.332 0.256 0.292 0.289 0.249 0.318 0.297 
15a 0.371 0.258 0.270 0.314 0.252 0.310 0.273 0.255 0.351 0.295 
16a 0.378 0.313 0.277 0.269 0.257 0.260 0.271 0.305 0.343 0.297 
17a 0.428 0.338 0.301 0.302 0.267 0.255 0.259 0.279 0.295 0.303 
18a 0.456 0.369 0.340 0.340 0.289 0.272 0.263 0.268 0.272 0.319 
3PL           
49a 0.536 0.528 0.406 0.429 0.383 0.289 0.354 0.303 0.258 0.387 
50a 0.589 0.499 0.337 0.447 0.357 0.324 0.358 0.302 0.340 0.395 
51a 0.561 0.407 0.320 0.455 0.343 0.351 0.368 0.312 0.390 0.390 
52a 0.577 0.453 0.366 0.445 0.352 0.315 0.327 0.344 0.377 0.395 
53a 0.529 0.417 0.332 0.526 0.384 0.279 0.421 0.278 0.226 0.377 
54a 0.510 0.434 0.387 0.516 0.410 0.342 0.433 0.303 0.259 0.399 
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Discussion 
In the development of multiple test forms, maintaining equivalent total test difficulty and 
number of items is a cautionary procedure used by many (ACT, 2007; Texas Education Agency, 
2006), but not all. Even fewer are careful to maintain equal difficulty and number of items within 
sub-content areas across multiple forms (Dunbar et al., 2008; OSDE, 2011). The confounding 
effects of the interactions of these variables with a person’s true ability on each dimension leads 
to differing estimated ability scores across test forms when estimated with a unidimensional 
model. 
The primary question of interest for this paper was the following: What are the effects on 
the estimated unidimensional ability of the population subgroups having dissimilar true abilities 
when test forms that have equal total test difficulty and number of items differ in difficulty 
and/or length within sub-content areas or when guessing is accounted for in the model? The 
manipulated levels of difficulty across dimensions, the balance or unbalance of items measuring 
each dimension, and the inclusion of a guessing parameter did influence both the unidimensional 
estimations of item parameters and the resulting ability scores across test forms with equal total 
test difficulty and number of items. Varying the range of the difficulty of each content area had 
little effect on theta estimations in the current study. 
Discussion of Unidimensional Parameter Estimates 
 The MMLE method was used in this study for estimating item parameters due to its 
ability to handle the 2PL and 3PL models and its stability with large sample sizes greater than 
500 for the 2PL model and 1000 for the 3PL model and instrument length of at least 20 items (de 
Ayala, 2009; Stone, 1992). 
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Summary of results. When difficulty was confounded with dimension on a test which 
had an equal number of items primarily measuring each dimension and an overall equal level of 
difficulty, the unidimensional item parameters were not an accurate estimate of the true values in 
all cases, and the multiple forms did not all have an equal estimated total test difficulty. When 
the 2PL model was applied, the two sets of items rarely had equal mean estimated discrimination 
values, nor were the difficulty levels similar in absolute value as they were simulated to be. On 
some forms, the difficulty levels of each set of items were an underestimate of true difficulty on 
each dimension, and on other forms the difficult levels on each set of items were an 
overestimate. 
When the 2PL model was applied to unbalanced forms, the larger set of items was 
consistently estimated with a larger discrimination value than the smaller set of items, with a 
discrimination ratio of approximately 3 to 1. On forms having the larger set of items at an easier 
level of difficulty, the unidimensional estimated difficulty on the larger set of easy items was 
slightly overestimated and the smaller set of difficulty items was extremely overestimated. On 
forms having the larger set of items at a higher level of difficulty, the larger set of hard items was 
slightly underestimated in difficulty while the smaller set of easy items had extremely 
underestimated difficulty levels. This resulted in forms which had a total test difficulty higher 
than intended when more easy items were present or lower total test difficulty when more 
difficult items were present. This trend was most inflated when difficulty levels on the two 
dimensions were most extreme. 
Results of the unidimensional estimated discrimination with the 3PL model were 
different from the 2PL cases; the estimate was most affected by the level of difficulty of the 
items, rather than the number of items in each set. For balanced and unbalanced designs, the 
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unidimensional discrimination of the difficult set of items was consistently estimated with a 
larger discrimination value, at or above the magnitude of the higher true discrimination value. 
The estimated discrimination on the easier set of items was at or just below the magnitude of the 
lower true discrimination on balanced 3PL forms or unbalanced forms with more easy items; on 
unbalanced forms with more difficult items, the estimated discrimination of the smaller set of 
easy items was closer to the lower true discrimination. Conjointly, the estimated difficulty of 
items was an overestimate of true difficulty when forms were balanced or when forms had more 
items at a lower level of difficulty; the magnitude of overestimation was most extreme on the 
smaller, difficult set of items. On forms that had more items at a higher degree of difficulty, the 
estimated difficulty was close to the true difficulty on the larger sets of easy items and when the 
true difficulty levels were somewhat similar; on forms with very dissimilar true difficulty levels 
across dimensions and more items at a higher degree of difficulty, the estimated difficulty of the 
smaller set of easy items was underestimated by approximately     points. 
In most cases, the estimated guessing on the 3PL forms was consistently an overestimate 
of the true guessing. On the harder set of items, the value of the guessing parameter was 
overestimated by approximately     to     points above the true guessing, on average, with the 
extreme overestimates occurring when there were fewer difficult items. Even though guessing 
was inflated more for difficult items than easy items, forms with a larger number of easy items 
had an overall higher estimated guessing parameter average than those with a larger set of 
difficult items. 
Currently in literature. Previous literature has focused on the correlation of the 
estimated unidimensional item parameter with the true item parameter on multiple dimensions 
and on the precision of the unidimensional item parameter estimates with various estimation 
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procedures applied. The results of the studies which used a compensatory model and MMLE 
indicated that the unidimensional estimated discrimination parameters for each item was equally 
correlated in absolute value with the true discrimination on each dimension for items ranging 
from semi-complex to complex (Ackerman, 1987a, 1989). Using JMLE, the unidimensional 
estimated discrimination and difficulty parameters were mostly correlated with the average of the 
true item parameter values on a set of semi-complex items primarily measuring the first 
dimension at a higher difficulty level (Way et al., 1988). 
Ansley and Forsyth (1985) indicated that the unidimensional estimates of discrimination 
and difficulty were consistently more correlated with the true parameter on the dimension which 
was more discriminating and more difficult on a single set of items estimated with a 
noncompensatory, multidimensional 3PL model with      . Estimated unidimensional 
discrimination was approximately the average of the true discrimination parameters; the 
estimated unidimensional difficulty was an overestimate of the difficulty on the first dimension. 
In a similar design using a compensatory model, Way et al. (1988) reported stronger correlations 
between the estimated discrimination to both the true discrimination on the first dimension and 
the average of true discriminations; the same resulted for the difficulty parameter. 
When the difficulty of each dimension was unequal and items were dependent upon 
various content-balancing procedures of a CAT test, Song (2010) concluded that the estimated 
unidimensional discrimination parameter on sets of items discriminating more on the easier 
dimension tended to be an overestimate of the average of true discrimination values, closer to the 
true discrimination on the first dimension. The estimated unidimensional difficulty value was a 
slight underestimate of the true multidimensional difficulty (     ). On the set of items 
discriminating more on the difficult set of items, the estimated unidimensional discrimination 
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was an overestimate of the higher true discrimination. The estimated unidimensional difficulty 
on this set of items was an overestimate of the true multidimensional difficulty. 
Addition to literature. It is difficult to compare results of this study to those of 
Ackerman (1987a, 1989), Ansley and Forsyth (1985), and Way et al. (1988) due to the 
differences in the structure of the sets of items. The discrimination on each dimension varied for 
each item in the Ackerman (1987a, 1989) studies, which may have led to a stronger association 
between the unidimensional estimated item discrimination and the average of true 
discriminations. The studies of Ansley and Forsyth (1985) and Way et al. (1988) had a single set 
of items, all of which primarily measured the difficult dimension. Though this study included 
sets of items which were discriminating more on a difficult sub-content area, the estimation was 
completed on an entire set of items which measured both dimensions. 
The results of this study for the 3PL balanced and unbalanced forms are somewhat 
consistent with those of Song (2010) whose research utilized the 3PL model. When the 3PL 
model was used, the estimated discrimination on the easier items tends to be greater than the 
average of the true discrimination values when content is balanced and when tests have more 
easy items. Contrary to the results of Song (2010), when forms have more items at a higher level 
of difficulty, the estimated discrimination on the easier items tends to be below the average of 
true discrimination values. On set of harder items, the conclusion of the estimated discrimination 
being an overestimate of the higher true discrimination by Song (2010) is supported. The 
estimated difficulty is not always an underestimate of      when items discriminate more on 
the easier items and an overestimate of      when items discriminate more on the harder 
items. The relationship between the true multidimensional and estimated unidimensional difficult 
is not apparent, though the relationship between the estimated difficulty and the true difficulty 
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for the dimension on which items are discriminating does display a clearer trend. The estimated 
difficulty of tests with balanced content or with more easy items tended to have overestimates of 
the true unidimensional difficulty levels, and to a larger degree on the difficult items. On tests 
with fewer easy items and more hard items, the estimated difficulty of the easy items is 
underestimated and the estimated difficulty of the larger set of hard items is approximately equal 
to the true difficulty levels.  
The conclusion is made that item parameters are strongly affected by the differences in 
difficulty among dimensions and the number of items primarily measuring each dimension. 
When the number of items in each dimension is equal, the average difficulty of each subset of 
items was estimated fairly accurately. When a test has more difficult items than easy items, the 
difficulty of both sets of items are underestimated. When a test consists of more easy items than 
difficult items, the average difficulty is overestimated. Discrimination is generally impacted such 
that in the balanced case, the difficult items have a higher estimated discrimination, whereas in 
the unbalanced conditions, when the 2PL model is used the larger set of items has a larger 
estimated discrimination, or when the 3PL model is used the harder set of items has a larger 
estimated discrimination. By taking into account the probability of a correct response from 
guessing, the discrimination and difficulty item parameters were highly affected. In the 3PL 
model, the difficult items were consistently estimated with a larger guessing estimate, regardless 
of the number of difficult items. 
Discussion of Unidimensional Ability Estimates 
 When multiple test forms are administered which have similar overall test difficulty and 
numbers of items yet have differing difficulty and/or numbers of items within sub-content areas, 
subjects having dissimilar ability distributions on the two dimensions are likely to have different 
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estimated scores across forms. Results and conclusions of the unidimensional 2- and 3PL 
estimations were made using the EAP estimation procedure. This Bayesian method was used for 
estimating examinees’ ability due to its accuracy, as compared to the MAP method, and its 
ability to handle examinees at extreme ends of the scale (de Ayala, 2009; DeMars, 2001; Wainer 
& Thissen, 1987). 
Summary of results. 
Subgroups with equal ability across dimensions. For subgroups that have equal ability 
across dimensions, when a 2PL model is used, the effect of differing item difficulty within 
dimensions has little effect, but the inconsistency in the number of items within sub-content 
areas may result in a larger estimate of ability for subgroups with a high true ability on both 
dimensions or an underestimation of ability for subgroups with a low true ability. The variations 
of estimated ability among test forms results in only slight differences in estimated ability when 
a 3PL model is used. Hypothesis 1a is supported for the subgroup having equal, moderate true 
abilities across dimensions whose estimated ability is similar to the true abilities. Hypothesis 1a 
is not supported for those subgroups having equal abilities which are either low or high across 
dimensions; though estimates are somewhat consistent across forms, the estimation of abilities at 
the ends of the distribution tends to be more extreme than their true abilities. 
Subgroups with unequal ability across dimensions. When subgroups of the population 
do not have equal ability levels on the multiple dimensions, large variations in estimated 
unidimensional thetas can occur based on differences in sub-content difficulty levels and item 
numbers when either the 2- or 3PL model is applied. When true ability is below the estimated 
difficulty levels across dimensions, lower unidimensional theta estimates are received, and when 
true ability is above the estimated difficulty level across dimensions, higher unidimensional theta 
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estimates are received. The magnitude of the estimates is lower or higher than the average of true 
abilities in the balanced cases but not for the unbalanced cases, as stated in Hypothesis 1b. When 
true ability is below the difficulty of one dimension and above the difficulty on the other 
dimension, the estimated ability is confounded with item subset characteristics and not 
consistently, contrary to Hypothesis 1c. The number of items primarily measuring each 
dimension does not affect the relationship of the estimated score to the average of true abilities, 
results which oppose Hypothesis 3a. However, the estimated ability tends to be closer to the true 
ability on the dimension with more items, which supports Hypothesis 3a. 
2PL balanced conditions. The unidimensional theta estimate of subgroups having an 
unequal true ability on both dimensions is affected by all manipulated variables of this study- 
average item difficulty, number of items within sub-content areas, and the model applied. When 
the 2PL model is applied and the number of items within dimensions is equal, the 
unidimensional theta estimate of subgroups having extremely different ability on the two 
dimensions is highly influenced by the unidimensional item parameters (a consequence of the 
results discussed previously on the estimation of item parameters using the 3PL model). The 
ability estimate is close to the average of true abilities on forms which had a somewhat equal 
estimated discrimination parameter on the two sets of items. If administered a form in which the 
difficulty on each dimension (or a set of items primarily measuring that dimension) aligns with 
examinees’ true abilities on each dimension and the estimated discrimination is higher on the set 
of items measuring the dimension where examinees have a higher true ability, the estimated theta 
is higher than the average of true abilities. If administered a form in which the difficulty on each 
dimension do not align with examinees’ true abilities on each dimension and the estimated 
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discrimination is higher on the set of items measuring the dimension where examinees have a 
lower true ability, the estimated theta is lower than the average of true abilities. 
For those subgroups having a moderate true ability in one dimension and either a high or 
low ability in the other dimension, the unidimensional theta estimate across balanced forms 
could vary by as much as half of a standard deviation depending on the alignment of true ability 
with the difficulty on each dimension. Three situations could arise. (1) When examinees have a 
true ability below the difficulty level on both dimensions, the unidimensional theta estimate is 
close to the lower true ability. (2) When examinees have a true ability above the difficulty level 
on one dimension and below on the other, the unidimensional theta estimate is close to the 
average of true abilities. (3) When examinees have a true ability above the difficulty level on 
both dimensions, the unidimensional theta estimate is close to the higher true ability. As the 
difficulty of items within sub-content areas becomes more aligned with the true ability on each 
dimension, examinees within a subgroup are more likely to be estimated with a higher ability. 
3PL balanced conditions. When items are balanced and the 3PL model is applied, the 
unidimensional theta estimate of subgroups having dissimilar true ability on the two dimensions 
is highly affected by the inflated unidimensional item parameter estimates on the difficult set of 
items. The discrimination, difficulty, and guessing values are largely overestimated on the 
difficult set of items when they are the smaller item set on balanced, 3PL forms. As a result, 
when administered a form with a higher difficulty level on the dimension where examinees have 
a higher true ability, examinees are likely to receive a lower estimated score due to the ability 
level falling below the difficulty level of more items on that dimension. When administered a 
form with a lower difficulty level on the dimension where examinees have a higher true ability, 
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examinees are likely to receive a higher estimated score because on these forms, true ability 
meets the difficulty level on at least one dimension.  
For examinees having a low true ability in one dimension and either a moderate or high 
true ability on the other dimension, the differences in estimated ability across balanced forms 
with differing difficulty within sub-content areas could vary by one standard deviation, centered 
on the average of the true abilities. For examinees having a moderate true ability in one 
dimension and a high true ability on the other, the differences are not as extreme, only varying 
by      standard deviations. To reiterate, the aforementioned affects are strongly due to the 
inflated estimated difficulty, discrimination, and guessing on the difficult set of items when the 
3PL model estimation procedure is used and the number of items primarily measuring each 
dimension is equal. The three situations discussed in the 2PL balanced conditions also hold for 
the 3PL balanced cases. 
2PL and 3PL unbalanced conditions. On unbalanced forms, for the 2- and 3PL cases, the 
unidimensional theta estimate is heavily weighted by the true ability on the dimension having 
more items. For subgroups with unequal true abilities across dimensions, examinees are likely to 
receive higher estimated scores on forms which have more items primarily measuring the 
dimension where examinees have a higher true ability and a lower estimated ability on forms 
having more items primarily measuring the dimension where examinees have a lower true 
ability. As the number of items primarily measuring a dimension increases, the unidimensional 
theta estimate is more affected by the true ability on that dimension.  
On exams which maintain the same degree of unbalanced numbers of items, the difficulty 
within sub-content area also affects the unidimensional theta estimate by as much as      
standard deviations under this study’s conditions. If examinees are administered a form in which 
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true ability is below the mean estimated difficulty on both dimensions, the lowest unidimensional 
theta estimate is received. If examinees are administered a form in which true ability is above the 
mean estimated difficulty on both dimensions, the highest unidimensional theta estimate is 
received. If examinees have true abilities that exceed the difficulty level on only one dimension, 
a higher estimate is received when true ability exceeds the difficulty level on the dimension with 
more items than if ability exceeds the difficulty level on the dimension with fewer items. 
Currently in literature. Trends of the comparisons have concluded that estimated 
unidimensional ability estimates are approximated by the mean of the true multidimensional 
ability in some but not all cases (Ackerman, 1989; Ansley & Forsyth, 1985; Way, Ansley, & 
Forsyth, 1988). Ansley and Forsyth (1985) indicated that the unidimensional ability was most 
strongly correlated with the average of the two true abilities and with the true ability on the first 
dimension on a single set of items primarily measuring the difficult dimension when estimated 
with a noncompensatory, multidimensional 3PL model using JMLE with     . The same 
results came from a similar design using a compensatory 3PL model by Way et al. (1988). Using 
the MMLE estimation procedure for a compensatory, 2PL dataset in a balanced design where the 
discrimination of items ranged from primarily measuring one dimension to equally measuring 
each dimension, the unidimensional estimated theta was slightly more correlated with the true 
ability on the difficult dimension than on the easier dimension (Ackerman, 1987a), and very 
strongly correlated with the average of true abilities (Ackerman, 1989). 
For subgroups defined by the unidimensional theta estimates, those in the lowest 
subgroups having the lowest unidimensional theta estimates had a lower true ability on the 
dimension with easier items than true ability on the dimension with difficult items; those in the 
highest subgroup having the highest unidimensional theta estimates had higher true ability on the 
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dimension with the difficult items than on the dimension with easier items. The trend was more 
distinct when items measured only one dimension using the JMLE estimation procedure 
(Reckase et al., 1986) as compared to measuring a composite of the two dimensions and 
estimated with MMLE (Ackerman, 1987a, 1989). 
In most cases, estimates were analyzed for subgroups based on the unidimensional theta 
estimates; fewer studies have grouped examinees based on the true ability on each dimension. In 
a single case (Reckase et al., 1986), for one test form where items measured only one dimension 
or the other, subgroups that had equal ability on two dimensions had an estimated ability close to 
the true theta. A two-dimensional, compensatory, 2PL model was incorporated using JMLE. 
Subgroups that had unequal true ability on the two dimensions had a unidimensional theta 
estimate which was not always equal to the average of true ability, as other literature indicated. 
Some subgroups had an estimate above the average of true abilities, while others had an estimate 
below the average of true abilities. The study did not further investigate the relationship between 
the estimates of subgroups’ abilities as it was related to the true ability on each dimension. 
Kroopnick (2010) used a classification procedure to compare true multidimensional and 
estimated unidimensional ability. True negative rates were highest when difficulty of items was 
hardest and the ability levels did not meet the difficult level on either dimension; true positive 
rates were highest when the difficulty of items was easy and the ability levels exceeded the 
difficulty levels on both dimensions. Misclassifications occurred most often when examinees’ 
abilities were higher in one dimension and lower in another and confounding existed. 
Addition to literature. This study primarily extends the research of Reckase et al. (1986) 
where subgroups of the population were grouped based on their true multidimensional ability. 
Comparisons of the results from this study to studies of Ackerman (1987a, 1989), Ansley and 
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Forsyth (1985), and Way et al. (1988) should be made with caution since these studies tended to 
focus on subgroups based on unidimensional theta estimates, rather than true multidimensional 
ability, for a single set of data. For this study, the estimates within subgroups based on true 
multidimensional ability are compared across multiple forms in order to better understand the 
confounding of difficulty and number of items within sub-content areas with true ability across 
two dimensions. 
Examinees within subgroups having similar ability across dimensions are not likely to 
receive different estimated scores across forms with differing difficulty within dimensions, as 
long as the number of items within dimensions is consistent. Subgroups having differing true 
ability across dimensions are likely to receive different unidimensional theta estimates across 
multiple test forms when confounding is present. If administered a form where examinees’ true 
abilities are below the difficulty level of both dimensions, the lowest ability is estimated. If 
administered a form where examinees’ true abilities are above the difficulty level of both 
dimensions, the highest ability is estimated. If administered a form where examinees’ true 
abilities are above the difficulty level of one dimension and below the other, the unidimensional 
theta estimate is likely to be higher if examinees meet the difficulty level on the dimension which 
is harder. On forms having an inconsistent number of items primarily measuring each dimension, 
the unidimensional theta estimate tends to increase as the number of items primarily measuring 
the dimension where examinees have a higher true ability increases; likewise, the estimate tends 
to decrease as the number of items primarily measuring the dimension where examinees have a 
lower true ability increases. 
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Discussion of Standard Errors of Unidimensional Ability Estimates 
 The estimations of unidimensional theta estimates across subgroups have a more precise 
estimate on some forms over others. Using the EAP method for estimating unidimensional thetas 
for the population of examinees, the standard error is calculated as the standard deviation of the 
posterior distribution. Hypothesis 2 holds only for the 3PL balanced cases. When the number of 
items is equal across dimensions, the standard errors of unidimensional estimated ability are 
smaller for subgroups whose true ability aligns with the difficulty levels on dimensions; the 
standard errors are larger for subgroups whose true ability does not align with the difficulty 
levels. In the 2PL balanced, 2PL unbalanced, and 3PL unbalanced cases, Hypothesis 2 does not 
hold. Commonly, standard errors were observed to be the lowest when true ability on the two 
dimensions did not align with the difficult level of the item subsets. The number of items 
primarily measuring each dimension does not affect the magnitude of the standard errors within 
subgroups, contrary to Hypothesis 3b. Hypothesis 4 is supported; standard errors of the estimated 
ability within subgroups are larger when the 3PL model is applied, as compared to the 2PL 
model. 
Summary of results. Subgroups which had a low true ability on both dimensions or high 
true ability on both dimensions were estimated with the most error on 2PL balanced forms. For 
other groups having equal, moderate true ability across dimensions and for subgroups having 
dissimilar true ability across dimensions, the standard errors across 2PL balanced situations were 
largest on forms which had distinct difficulty levels on the two dimensions, and standard errors 
were smallest on forms which had similar difficulty levels on the two dimensions. Within each 
subgroup, standard errors had a small range of less than      in most cases. 
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On 3PL balanced forms, standard errors for subgroups having similar true abilities were 
small for subgroups having a higher true ability on both dimensions, moderate for subgroups 
having a moderate true ability on both dimensions, and large for subgroups having a low ability 
on both dimensions. For those subgroups having dissimilar true ability across dimensions, 
standard errors were largest on forms where true ability aligned with the difficulty level of at 
least one dimension and were smallest on forms where true ability did not align with the 
difficulty level on either dimension. 
On unbalanced forms, subgroups are likely to be estimated with the smallest standard 
errors on forms with more items at a difficulty level similar to the ability level on that dimension. 
The standard errors increased as the difficulty level of the larger set of items progressed further 
from the true ability on that dimension. 
Currently in literature. The reports of standard errors from many of the articles 
reviewed were based on the theoretical multidimensional standard errors. These concluded that 
subgroups having ability which was in alignment with the item difficulty levels of each 
dimension would have the smallest multidimensional standard errors (Ackerman, 1987a, 1989; 
Reckase et al., 1986). Theoretical standard errors, i.e. the inverse of the square root of test 
information, reported by Chang (1992) were the smallest for those having a composite true 
ability of zero; theoretical standard errors increased uniformly for examinees having a composite 
true ability less than or greater than zero. The errors were inflated on forms which had difficulty 
levels furthest from the composite of true ability. Empirical standard errors, i.e. the standard 
deviation of the estimated ability across replications, were more consistent across the true ability 
spectrum. 
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On balanced, 2PL forms, subgroups having unequal true ability levels on the two 
dimensions had a slight curvilinear pattern centered around    , lower on forms with similar 
difficulty levels on the two dimensions. On unbalanced, 2PL forms standard errors increased as 
true ability and difficulty on the dimension having more items primarily measuring that 
dimension became more misaligned. For all groups on 3PL forms, balanced and unbalanced, the 
highest standard errors were reported on forms in which true ability aligned with the difficulty on 
each dimension; subgroups had the lowest standard error on forms in which true ability did not 
align with the difficulty on each dimension. 
Addition to literature. The confounding of difficulty and number of items within sub-
content areas strongly effect the estimated standard errors of the unidimensional theta estimates 
within subgroups of the population. The results of the estimated unidimensional standard errors 
of this study are consistent with the reported multidimensional theoretical standard errors 
reported by Ackerman (1987a, 1989), Chang (1992) and Reckase et al. (1986) for the 
unbalanced, 2PL cases, but not for the other conditions in the study. This conclusion should not 
be inferred to 3PL cases or 2PL balanced cases. When the 3PL model is employed, high standard 
errors are observed for forms in which true ability aligns with the difficulty on each dimension; 
low standard errors occur on forms in which true ability does not align with the difficulty on 
each dimension. In the case of a balanced test using the 2PL model, standard errors are low for 
subgroups having unequal true abilities on forms with similar difficulty levels on the two 
dimensions; standard errors are higher on forms with dissimilar difficulty levels on the two 
dimensions. 
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Educational Significance (Implications and Suggestions) 
 For many testing companies, multiple forms are often constructed to assess an 
examinee’s knowledge on a set of sub-content areas. For instance, the mathematics test of the 
ACT measures content in algebra, geometry, and trigonometry (ACT, 2007) providing the 
potential for a multidimensional dataset when administered to a group of examinees with varying 
ability distributions. The test is unbalanced with 33 total algebra items (pre-algebra, elementary 
algebra, and intermediate algebra), 23 geometry items (coordinate geometry and plane geometry) 
and 4 trigonometry items. Still, the estimation of examinees’ abilities is commonly analyzed 
using a unidimensional model (Allen, Carlson, & Zelenak, 1999). While many companies like 
ACT maintain strict guidelines on overall test difficulty, many do not indicate that average 
difficulty of items within sub-content areas is matched across forms (e.g. ACT Technical Report, 
2007). The results of this study support the conclusion that a set of examinees could receive 
different scores by as much as half a standard deviation on test forms that maintain a similar 
number of items across sub-content areas, depending on how distinct the difficulty levels of 
items primarily measuring each dimension are and the range of difficulty on each set of items. 
On forms which do not have a consistent number of items primarily measuring each dimension, 
the differences in scores across forms could be more severe, with differences as large as one 
standard deviation in the current study. 
 In 2010, the average ACT mathematics score was 21.0,        (NCES, 2010). It is 
likely that a student who has excelled in Algebra but has not yet taken or is in the middle of 
taking Geometry may have a high ability in Algebra and a moderate ability in Geometry. If this 
student were administered an exam which had difficult items primarily measuring Algebra and 
easier items measuring Geometry, this student would have a higher score than if he or she were 
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administered a form which had an easier average set of items measuring Algebra and a difficult 
average set of items measuring Geometry. The difference in scores could vary by as much as a 
half of a standard deviation or      points on the mathematics ACT score. With such high stakes 
placed on the ACT score for admission into college and qualification for scholarships, the 
variability in score due to the specific characteristics of the test form administered could impact 
the decisions made based on this test score. If this were a situation where the number of items 
was not consistent across forms as is observed on other types of exams, the examinee’s score 
would be impacted more severely. 
 The effects of analyzing multidimensional data with a unidimensional model also have 
serious consequences when estimating the discrimination, difficulty, and guessing values of 
items. Again, consider the ACT mathematics test with three content areas having 33, 23, and 4 
items measuring each dimension. The results of the unidimensional items parameter estimates 
for a set of unbalanced data having two dimensions without taking into account the probability of 
a correct response due to guessing would support the claim that the dimension with more items, 
e.g. algebra in this situation, could be more discriminating and the dimension with fewer items 
could have smaller discrimination values. The difficulty of the set of items measuring algebra 
could be estimated as easier than intended if these were harder than the geometry items or more 
difficult than intended if these were the easier set of items. The difficulty of the geometry items 
could be estimated as much harder than intended if these were harder than the algebra dimension 
or estimated as much easier than intended if these were easier than the algebra dimension. 
 If the guessing parameter were considered, which is likely on a multiple-choice test, the 
items of the more difficult dimension could be overestimated in discrimination and guessing. The 
difficulty of the smaller set of items, i.e. geometry, could be highly overestimated if geometry 
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was the harder dimension, or it could be highly underestimated if geometry were the easier 
dimension. 
 The consequences of this study apply to the computer adaptive setting, where the IRT 
model is used to assess an examinee’s ability after each item response. Subsequent items are 
dependent upon the estimated ability and the estimated difficulty and discrimination of every 
item. If an examinee answers correctly, a more difficult item is administered; if the answer is 
incorrect, an easier item is supplied. If item parameters are being over- or underestimated 
depending on their characteristics as compared to other item sets within the exam, then the items 
chosen during a computer adaptive test could be impacted. Likewise, an examinee’s ability may 
be estimated with greater error. 
 Awareness of these effects is important to test developers and also to the test takers. 
Results of this study support examinees completing several attempts of multiple-choice tests 
which are administered having multiple test forms. If the form administered during the first 
attempt and the form administered during the second attempt have differing difficulty levels 
within the sub-content areas, the examinee is likely to receive a different estimated score, 
depending on the alignment of his or her true ability on each dimension and the difficulty levels. 
Limitations and Future Research 
 While this study included the effects of manipulating multiple variables at various levels, 
other variables were not considered in the design. Many of the previous researchers who have 
studied the effects of estimating multidimensional data with a unidimensional model in the 
presence of confounding variables have also included the effects of differing levels of correlation 
between dimensions. For a single set of items, as the correlation increased the effects of 
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confounding dissipated. In addition to the difficulty level, number of items, and model used, this 
additional variable may reduce the consequences of confounding. 
 Not all tests constructed at testing companies or those created in the classroom are 
analyzed using an IRT model. Many are scored with classical testing methods of the proportion 
of items answered correctly. The consequences of confounding difficulty and ability reported 
from the estimations using the IRT models may or may not be apparent on the raw score 
calculated as the proportion of total items answered correctly. Others use a more sophisticated 
testing manner of computer adaptive testing. The study of the effects on specific subgroups of 
the population have implications on the adaptive setting when various methods of item selection, 
content balance, and termination are implemented. 
 Inconsistencies in the estimations of unidimensional parameters from multidimensional 
data from this study apply to other statistical procedures used to assess and evaluate multiple test 
forms. When the total test difficulty is not equal across forms, equating is used to maintain equal 
total test difficulty (ACT, 2012; Texas Education Agency, 2006). This procedure is employed for 
entire data sets, though results of this study may be extended to evaluate the consequences of 
using unidimensional equating procedures on multidimensional data. 
Last, it will be important to study the effects of analyzing multidimensional data using a 
unidimensional model on subgroups of the population across multiple forms of real item 
specifications. Though the design of this study was intended to follow real-world testing 
situations, the true variability of number of items, discrimination, and difficulty within sub-
content areas was not identically replicated. In order to accomplish this task, multidimensional 
test specifications, including discrimination and difficulty level of all items and the dimension 
which each item measures, would be needed for multiple test forms. In most cases, item 
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specifications are reported in a unidimensional context; therefore, some procedure would need to 
be employed in order to set up the multidimensional structure of test forms from the 
unidimensional specifications. Using real data would approximate realistic differences in 
difficulty within sub-content areas which could provide valuable data on how unidimensional 
estimates may vary in realistic sub-content conditions. 
When the average difficulty level and the number of items within sub-content areas is not 
consistent across multiple test forms, the unidimensional estimations of item parameters and 
examinees’ scores may vary across these forms, even when the total test difficulty and number of 
items is equivalent across forms. An examinee’s estimated score is affected by how well his or 
her true abilities in each sub-content area correspond to the difficulty and number of items within 
these areas on the administered test form. Therefore, an examinee’s estimated ability on multiple 
forms may differ due to inconsistencies of the psychometric characteristics of the forms at the 
sub-content level rather than varying true ability in administrations of multiple forms of a test. In 
the situations where multiple test forms are administered and an examinee’s estimated ability is 
expected to be the same across test forms, test developers may want to more closely investigate 
the test specifications within sub-content areas, in order to more consistently estimate ability 
with a unidimensional model when assessing multiple dimensions. 
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